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TWISTED TRANSLATION FLOWS
AND EFFECTIVE WEAK MIXING
GIOVANNI FORNI
ABSTRACT. We introduce a twisted cohomology cocycle over the Teichmüller
flow and prove a “spectral gap” for its Lyapunov spectrum with respect to the
Masur-Veech measures. We then derive Hölder estimates on spectral measures
and bounds on the speed of weak mixing for almost all translation flows in every
stratum of Abelian differentials on Riemann surfaces, as well as bounds on the
deviation of ergodic averages for product translation flows on the product of a
translation surface with a circle.
1. INTRODUCTION
LetH(κ) denote the stratum of the moduli space of Abelian differentials of unit
total area with zeros of multiplicities κ := (k1, . . . ,kσ ) with ∑
σ
i=1 ki = 2g−2.
Each stratum H(κ) is endowed with a unique probability absolutely continuous
SL(2,R)- measure µκ , called a Masur–Veech measure. We state below the basic
results in the ergodic theory of typical translation flows, proved independently by
H. Masur [Ma82] and W. Veech [Ve82]:
Theorem 1.1. [Ma82], [Ve82] For almost all Abelian differential h ∈H(κ) with
respect to the Masur–Veech measure, the horizontal translation flow is uniquely
ergodic.
The above unique-ergodicity theorem was refined by S. Kerckhoff, H. Masur
and J. Smillie in [KMS86]:
Theorem 1.2. [KMS86] For all h ∈H(κ) and for Lebesgue almost all θ ∈ T, the
horizontal translation flow of the Abelian differential e2piıθh is uniquely ergodic. In
particular, for almost all h ∈H(κ) with respect to any SL(2,R)-invariant proba-
billity measure, the horizontal translation flow is uniquely ergodic.
It is known since the work of A. Katok [Ka80] that interval exchange transforma-
tions (IET’s) and translation flows are never mixing. However, it was conjectured
that the typical IET and translation flow are weakly mixing. After partial results of
several authors (see [KS67], [Ve84], [GK88], [NR97], [Lu98]), the conjecture was
proved by A. Avila and the author:
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Theorem 1.3. [AvF07] For almost all Abelian differential h ∈H(κ), a stratum of
higher genus surfaces, with respect to the Masur-Veech measure µκ on H(κ), the
horizontal translation flow is weakly mixing.
As a consequence of this theorem and of the above-mentioned result of A. Ka-
tok, typical IET’s and translation flows are perhaps the simplest natural example
of weakly mixing dynamical systems which are not mixing (the first examples,
starting with the Chacon map [C69], were constructed by cutting-and-stacking).
These examples are parhaps not surprising in view of the Halmos-Rohklin Theo-
rem which asserts that (with respect to the weak topology) weak mixing is a generic
property, while mixing is meager.
An effective version of Masur–Veech unique ergodicity theorem establishing a
polynomial (power-law) speed of convergence of ergodic averages was later proved
by J. Athreya and the author. For every holomorphic Abelian differential h on M
with zero set Σh ⊂ M, let (φ
S
t ) denote the horizontal directional translation flows
onM, that is, a flow with generator a (horizontal) vector field S onM \Σh.
Theorem 1.4. [AtF08] There exists a real number ακ > 0 and, for all h ∈H(κ),
there is a measurable function Ch : T → R
+ such that for Lebesgue almost all
θ ∈ T, for all functions f ∈ H1(M), the space of square-integrable functions with
square-integrable weak first derivative, and for all (x,T) ∈M×R+, we have
|
∫
T
0
f ◦φSt (x)dt−T
∫
M
f dωh| ≤Ch(θ)T
1−ακ .
A more complete picture of the finer behavior of ergodic integrals for almost
all translation flows, which include lower bounds of the ergodic integrals along
subsequence of times for almost all x ∈M was proposed conjecturally in the work
of A. Zorich and M. Kontsevich [Zo97], [Ko97]. A proof of a substantial part
of the Kontsevich–Zorich conjectures was given by the author in [F02], and later
completed by the result of A. Avila andM. Viana [AV07] who proved the simplicity
of the Kontsevich–Zorich spectrum.
In this paper we prove effective unique ergodicity results for typical product
translation flows on the product translation 3-manifold M×T, analogous to the
above mentioned result by Athreya and the author. It is a standard result of ergodic
theory that the ergodicity of a product of ergodic flows follows from the weak
mixing property of one of the factors.
Let ΦS,λt denote the flow φ
S
t ×R
λ
t onM×T, product of the translation flow (φ
S
t )
and of the linear flows with speed λ ∈ R \ {0} on T, which is generated by the
vector field S+λ d
dθ on M×T.
We recall that, by basic ergodic theory, the product flow ΦS,λt is ergodic when-
ever the flow φSt is weakly mixing. The latter property holds for almost all holomor-
phic differential h in any stratum of the moduli space by the result of A. Avila and
the author [AvF07]. In fact, it is proved in [AvF07], by a “linear elimination” argu-
ment and by a weak mixing criterion of Veech [Ve84], that the set of holomorphic
differentials with non weakly mixing horizontal translation flows has Hausdorff
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codimension (at least) g−1 in every stratum of translation surfaces of genus g≥ 2.
A well-known argument by Furstenberg implies that every ergodic product flow
Φ
S,λ
t such that φ
S
t is uniquely ergodic is also uniquely ergodic.
Our goal is to prove the following results. For any s > 0, let Hs(T,H1(M))
denote the Sobolev space of square-integrable functions with square integrable first
derivatives in the directions tangent to M and square-integrable derivatives up to
order s> 0 in the circle direction.
Theorem 1.5. There exists a real number ακ > 0 and, for almost all Abelian differ-
entials h ∈H(κ) with respect to the Masur-Veech measure and for all λ ∈R\{0},
there exists a constant Cλ (h) > 0 such that, for all functions F ∈ H
s(T,H1(M)),
with s> sκ (for some sκ > 1), and for all (x,θ ,T) ∈M×T×R
+, we have
|
∫
T
0
F ◦ΦS,λt (x,θ)dt−T
∫
M×T
Fdωhdθ | ≤Cλ (h)‖F‖Hs(T,H1(M))T
1−ακ .
A. Bufetov and B. Solomyak [BS18b] have derived from uniform estimates on
twisted ergodic integrals for suspension flows over substitution systems (or a self-
similar translation flows) an interesting result on the speed of ergodicity for ergodic
flows which are product of such a flow with a general ergodic flow. Their result
is a generalization of the above theorem (since the twisted flow is defined as a
product with a rotation flow on a circle). We do not know whether it is possible
to generalize their result to almost all translation flows, or equivalently, our result
above to general ergodic transformations.
The above theorem is derived from the following effective result on twisted
ergodic integral for translation flows:
Theorem 1.6. There exist real numbers ακ > 0, βκ > 0 and Nκ > 0 and, for almost
all Abelian differentials h ∈H(κ) with respect to the Masur-Veech measure, there
exists a constant Cκ(h) > 0 such that, for all λ ∈ R \ {0}, for all zero average
functions f ∈ H1(M) and for all (x,T) ∈M×R+, we have
|
∫
T
0
e2piıλt f ◦φSt (x)dt| ≤Cκ(h)
(1+λ 2)
Nκ
2
|λ |βκ
‖ f‖H1(M)T
1−ακ .
We remark that Theorem 1.5 and Theorem 1.6 are in fact almost equivalent. In
Theorem 1.6 we have additional control on the twisted integral for small frequen-
cies, which is important in the proof of the effective weak mixing result stated
below. In the paper we prove Theorem 1.6 and derive Theorem 1.5 from it. In case
of self-similar translation flows (related to substitutions) and for the Masur–Veech
measures on the strata H(2) and H(1,1) in genus 2 this result has been proved
by A. Bufetov and B. Solomyak [BS14], [BS18a], [BS18c]. After our paper was
completed1, Bufetov and Solomyak [BS19] were able to extend their symbolic ap-
proach, based on a twisted version of the Rauzy–Veech cocycle, to all genera (and
to all SL(2,R)-invariant orbifolds of rank higher than one), drawing in part on our
refinement of the key “linear elimination” argument of [AvF07], Appendix A.
1A complete version of the present paper was sent by the author to B. Solomyak on May 22, 2019.
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A similar result on twisted integrals of horocycle flows was proved by L. Flaminio,
the author and J. Tanis [FFT16], improving on earlier result by A. Venkatesh [V10]
and J. Tanis and P. Vishe [1]. Twisted ergodic integrals of nilflows are ergodic inte-
grals of product nilflows, hence they are covered by results on deviation of ergodic
averages of nilflows. The Heisenberg (and the general step 2) nilflow case are
better understood, by renormalization methods (see for instance [FlaFo06]), while
the higher step case is not renormalizable, hence harder (see for instance [GT12],
[FlaFo14]). We remark that the nilpotency class is unchanged by taking the product
of a nilmanifold with a circle.
Theorem 1.6 is related to Hölder estimates on spectral measure. In particular we
derive the following result.
Corollary 1.7. There exist a real number ακ ∈ [0,1) and, for almost all Abelian
differentials h ∈ H(κ) with respect to the Masur-Veech measure, there exists a
constant Ch > 0 such that the spectral measure σ f of any function f ∈ H
1(M)
satisfies the bound
σ f ([λ − r,λ + r])≤Ch(1+ |λ |)‖ f‖H1(M)r
2ακ , for all λ ∈ R and r > 0 .
In particular, the lower local dimension d f (λ ) of the spectral measure σ f satisfies
the inequality
d f (λ ) := limr→0+
logσ f ([λ − r,λ + r])
logr
≥ 2ακ , for all λ ∈ R .
Finally, uniform Hölder estimates on spectral measures are known to imply
power-law quantitative weak mixing estimates (see for instance [Kn98], Corollary
3.8). However we do not know whether uniform Hölder estimates on spectral mea-
sures hold for almost all translation flows. We are nevertheless able to derive the
following effective weak mixing result directly from the bounds on twisted inte-
grals of Theorem 1.6.
Corollary 1.8. There exist a real number ακ > 0 and, for almost all Abelian differ-
entials h ∈H(κ) with respect to the Masur-Veech measure, there exists a constant
Ch > 0 such that, for any zero-average functions f ∈ H
s(M) with s> sκ (for some
sκ > 1) and g ∈ L
2
h(M), and for all T > 0 we have
1
T
∫
T
0
∣∣∣〈 f ◦φSt ,g〉L2h(M)
∣∣∣2 dt ≤Ch‖ f‖2Hs(M)‖g‖2L2h(M)T−ακ .
Remark 1.9. It is not difficult to extend the above results to almost everywhere
statements with respect to absolutely continuous SL(2,R)-invariant measures on
any SL(2,R)-invariant orbifold M of rank at least 2. In fact, the “linear elimina-
tion” argument of section 6, which is a strengthened version of the argument given
in the Appendix of [AvF07], is based on the condition that the restriction of the
Kontsevich–Zorich cocycle to the projection p(TM) of the tangent space TM has
at least 2 strictly positive exponents. It is known from the work of S. Filip (see
[Fi17] , Corollary 1.3) that in fact all the Kontsevich-Zorich exponents on p(TM)
are non-zero (this conclusion can also be derived from the cylinder deformation the-
orem of A. Wright (see Theorem 1.10 of [Wri15]) and the criterion of [F11]). Since
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the (cylinder) rank r of M is by definition (see [Wri15], Definition 1.11) equal to
half of the complex dimension of p(TM) the conclusion follows. In particular, the
Hausdorff dimension bound of Lemma 6.4 holds for any suborbifold M with the
genus g ≥ 2 replaced by the rank r ≥ 1, and for rank at least 2 it follows that the
results hold almost everywhere on M since we have r+1< 2r = dimC(TM).
The paper is organized as follows. We recall definition and basic facts about
translation surfaces and flows in section 2. In section 3 we establish relations
between twisted integrals of translation flows and ergodic integrals of the twisted
flow on the product 3-dimensional translation manifold, and we describe them in
terms of 1-dimensional (closed) currents. In section 4 we introduce the twisted
cohomology space and the twisted cocycle over the Teichmüller flow, which is in
fact a cocycle over the toral quotient of the Kontsevich–Zorich cocycle. The core
of our approach comes in section 5 where we prove a first variation formula for
the Hodge norm of the twisted cocycle. In section 6 we prove a result about a
generalized weak stable space of the toral Kontsevich–Zorich cocycle, inspired by
the “linear elimination” argument of [AvF07]. Finally, in section 8 we prove all the
main results stated above in this Introduction. Rather standard facts on the relations
between bounds on twisted integrals, local dimension of spectral measures and
effective weak mixing are postponed to section 9 at the end of the paper.
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2. TRANSLATION FLOWS
Let Σh := {p1, . . . , pσ} ⊂ Mh be the set of zeros of the holomorphic Abelian
differential h on a Riemann surface M, of even orders (k1, . . . ,kσ ) respectively
with k1+ · · ·+kσ = 2g−2. Let Rh := |h| be the flat metric with cone singularities at
Σh induced by the Abelian differential h onM and let ωh denote its area form. With
respect to a holomorphic local coordinate z= x+ ıy at a regular point, the Abelian
differential h has the form h = φ(z)dz, where φ is a locally defined holomorphic
function, and, consequently,
(1) Rh = |φ(z)|(dx
2+dy2)1/2 , ωh = |φ(z)|
2 dx∧dy .
The metric Rh is flat, degenerate at the finite set Σh of zeroes of h and has trivial
holonomy, hence h induces a structure of translation surface on M.
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The weighted L2 space is the standard space L2h(M) := L
2(M,ωh) with respect to
the area element ωh of the metric Rh. Hence the weighted L
2 norm | · |0 are induced
by the hermitian product 〈·, ·〉h defined as follows: for all functions u,v ∈ L
2
h(M),
(2) 〈u,v〉h :=
∫
M
uv¯ωh .
Let Fh be the horizontal foliation, F−h be the vertical foliation for the holomorphic
Abelian differential h on M. The foliations Fh and F−h are measured foliations (in
the Thurston’s sense): Fh is the foliation given by the equation Im(h) = 0 endowed
with the invariant transverse measure |Im(h)|, F−h is the foliation given by the
equation Re(h) = 0 endowed with the invariant transverse measure |Re(h)|. Since
the metric Rh is flat with trivial holonomy, there exist commuting vector fields Sh
and Th on M \Σh such that
(1) The frame {Sh,Th} is a parallel orthonormal frame with respect to the met-
ric Rh for the restriction of the tangent bundle TM to the complement
M \Σh of the set of cone points;
(2) the vector field Sh is tangent to the horizontal foliation Fh, the vector field
Th is tangent to the vertical foliation F−h onM \Σh [F97], [F07].
In the following we will often drop the dependence of the vector fields Sh, Th on the
Abelian differential in order to simplify the notation. The symbols LS, LT denote
the Lie derivatives, and ıS, ıT the contraction operators with respect to the vector
field S, T on M \Σh. We have:
(1) LSωh = LTωh = 0 on M \Σh , that is, the area form ωh is invariant with
respect to the flows generated by S and T ;
(2) ıSωh = Im(h) and ıTωh = −Re(h), hence the 1-forms ηS := ıSωh, ηT :=
−ıTωh are smooth and closed on M and ωh = ηT ∧ηS.
It follows from the area-preserving property (1) that the vector field S, T are anti-
symmetric as densely defined operators on L2h(M), that is, for all functions u, v ∈
C∞0 (M \Σh), (see [F97], (2.5)),
(3) 〈Su,v〉h =−〈u,Sv〉h , respectively 〈Tu,v〉h =−〈u,Tv〉h .
In fact, by Nelson’s criterion [Ne59], Lemma 3.10, the anti-symmetric operators S,
T are essentially skew-adjoint on the Hilbert space L2h(M).
The weighted Sobolev norms | · |k, with integer exponent k > 0, are the euclidean
norms, introduced in [F97], induced by the hermitian product defined as follows:
for all functions u, v ∈ L2h(M),
(4) 〈u,v〉k :=
1
2
∑
i+ j≤k
〈SiT ju,SiT jv〉h+ 〈T
iS ju,T iS jv〉h .
The weighted Sobolev norms | · |−k, with integer exponent −k < 0 are defined to
be the dual norms of the norms | · |k on the maximal common invariant domain
(5) H∞h (M) :=
⋂
i, j∈N
D(S¯iT¯ j)∩D(T¯ iS¯ j) .
of the closures S¯, T¯ of the essentially skew-adjoint operators S, T on L2h(M).
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The weighted Sobolev space Hkh(M), with integer exponent k ∈ Z, is the Hilbert
space obtained as the completion with respect to the norm | · |k of the space H
∞
h (M)
endowed with the norm | · |k. The weighted Sobolev space H
−k
h (M) is isomorphic
to the dual space of the Hilbert space Hkh(M), for all k ∈ Z.
The weighted Sobolev norms can be extended to differential forms as follows.
Let Ω1H∞h (M) denote the space of 1-form
Ω1H∞h (M) := {αTηT +αSηS|(αT ,αS) ∈ H
∞
h (M)
2} .
Since the space Ω1H∞h (M) is by definition identified to the square H
∞
h (M)
2, it is
possible to define, for all k ∈ Z, the Sobolev norms | · |k on Ω
1H∞h (M) as follows:
for all α = αTηT +αSηS ∈ Ω
1H∞h (M) we let
|α |k =
(
|αT |
2
k + |αS|
2
k
)1/2
.
The weighted Sobolev space Ω1Hkh(M), with integer exponent k ∈ Z, is the Hilbert
space obtained as the completion with respect to the norm | · |k of the space Ω
1H∞h (M)
endowed with the norm | · |k.
The weighted Sobolev space Ω2Hkh(M), with integer exponent k ∈ Z, of differ-
ential 2-forms are defined by identification of the space of functions with the space
of 2-forms given by multiplication times the area form ωh.
Finally, weighted Sobolev spaces Ω∗Hsh(M) of differential forms, with arbitrary
exponent s ∈ R can be defined by interpolation.
3. TWISTED INTEGRALS
For every holomorphic Abelian differential h onM, let (φSt ) denote the horizon-
tal directional translation flows on M, that is, a flow with generator a vector field
S on M \Σh. We are interested in bounds on twisted ergodic integrals for the flow
(φSt ), that is, for all λ ∈ R and for all f ∈ H
1(M), the integrals∫
T
0
e2piıλt f ◦φSt (x)dt , for all T > 0 .
These integrals can be viewed as ergodic integrals for a product flow as follows.
Let ΦS,λt denote the (translation) flow with generator the vector field Sλ := S+λ
∂
∂θ
on M×T, that is, the product flow (φSt )× (R
λ
t ) of the horizontal translation flow
φSt times the linear (R
λ
t ) on T. There is an immediate Fourier decomposition of
L2(M×T) into eigenspaces of the circle action on M×T with generator Θ := ∂∂θ
on T: for all f ∈ L2(M×T),
f (x,θ) = ∑
n∈Z
f¯n(x)e
2piınθ , with f¯n(x) :=
∫
T
f (x,θ)e−2piınθ dθ ∈ L2h(M) .
Let fn(x,θ) = f¯n(x)e
2piınθ . We have∫
T
0
fn ◦Φ
S,λ
t (x,θ)dt = e
2piınθ
∫
T
0
e2piınλt f¯n ◦φ
S
t (x)dt .
Ergodic integrals on M×T can be extended as linear functionals on 1-forms, that
is, as currents of dimension 1 and degree 2. Since any orbit can be decomposed
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as a union of arcs which can then be closed by the addition of uniformly bounded
(transverse) arcs, we are especially interested in closed currents of degree 2.
For any vector bundle V over M ×T, let C∞(M ×T,V ) denote the space of
infinitely differentiable sections of V over M×T, and let E′(M×T,V ) denote the
dual space of currents. Let Ω2(M×T) :=C∞(M×T,∧2T ∗(M×T)) be the space
of smooth 2-form inM×T. Since T ∗(M×T) has a splitting
T ∗(M×T) = T ∗M⊕Rdθ
(with the natural identification of T ∗M and T ∗T=Rdθ to subspaces of T ∗(M×T)
via the canonical projections M×T→ M and M×T→ T), there exists a direct
splitting of the Ω2(M×T) and a dual splitting of the space Ω2(M×T)′ of currents
of degree 2 (and dimension 1):
Ω2(M×T) =C∞(M×T,T ∗M)∧dθ ⊕C∞(M×T,∧2T ∗M) ,
Ω2(M×T)′ ≡ E′(M×T,T ∗M)⊕E′(M×T,∧2T ∗M) .
As a consequence, any current C of degree 2 (and dimension 1) on M×T is of
the form
C = A+ ıΘB ,
with A ∈ E′(M×T,T ∗M) a current of degree 2 (and dimension 1), and B a current
of degree 3 (and dimension 0), a distribution, on M ×T. It is also possible to
decompose any current on M×T into a sum of Fourier components with respect
to the circle action:
C = ∑
n∈Z
Cn = ∑
n∈Z
An+ ıΘBn .
Let dM denote the exterior derivative on currents on M.
Lemma 3.1. A current C of degree 2 (and dimension 1) on M×T is closed if an
only if dMA0 = 0 and, for all n ∈ Z\{0},
dMAn+2piınBn = 0 .
Proof. By a straightforward calculation, for any closed current C on M×T we
have
dC = ∑
n∈Z
dMAn+LΘBn = ∑
n∈Z
dMAn+2piınBn = 0 ,
hence the statement follows by the orthogonality of the Fourier decomposition. 
The current of integration along an orbit of the flow ΦS,λt has zero wedge product
with the 1-form ληT −dθ , which has kernel the vector field S+λ
∂
∂θ .
Let Kh,λ (M×T) denote the space of all currents of degree 2 (and dimension 1)
which have zero wedge product with the 1-form ληT −dθ .
Lemma 3.2. A current C of degree 2 (and dimension 1) on M×T belongs to the
Kh,λ (M×T) of currents in the perpendicular of the 1-form ληT −dθ if and only
if
C = A−λ ıΘ(A∧ηT ) .
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Proof. We write C = A+ ıΘB. Hence
C∧ (ληT −dθ) = λA∧ηT − ıΘB∧dθ
= λA∧ηT − ıΘB∧dθ = 0 ⇔ ıΘB=−λ ıΘ(A∧ηT ) .

Finally we have a characterization of the subspace of closed currents
ZKh,λ (M×T) := Z(M×T)∩Kh,λ(M×T)⊂Kh,λ (M×T) .
Lemma 3.3. A current C belongs to the subspace ZKh,λ (M×T) of closed currents
in Kh,λ (M×T) if and only if
dMAn+2piıλnηT ∧An = 0 , for all n ∈ Z .
Proof. By Lemma 3.1 we have
dMAn+2piınBn = 0, for all n ∈ Z ,
and by Lemma 3.2
ıΘB=−λ ıΘ(A∧ηT ) , or, equivalently, B=−λ (A∧ηT ) ,
hence for all n ∈ Z we have Bn =−λ (An∧ηT ), so that
dMAn−2piıλn(An∧ηT ) = dMAn+2piınBn = 0 .

For any λ ∈R and (x,θ ,T) ∈M×T×R, we can define the currentCh,λ (x,θ ,T)
of degree 2 (and dimension 1) on M×T as follows: for every 1-form αˆ on M×T,
(6) Ch,λ (x,θ ,T)(αˆ ) =
∫
T
0
ıSλ αˆ ◦Φ
S,λ
t (x,θ)dt
The analysis is therefore reduced to bounds on currents of degree 1 (and dimen-
sion 1) on the surface M which are closed with respect to the twisted exterior
derivatives dh,λ , which is defined as follows:
dh,λ α := dMα +2piıληT ∧α , for all α ∈ Ω
1(M) .
In other terms, by Lemma 3.2 there exists a current Ah,λ (x,θ ,T) of degree 1 (and
dimension 2) such that
Ch,λ (x,θ ,T) = Ah,λ (x,θ ,T)−λ ıΘ(Ah,λ (x,θ ,T)∧ηT ) .
There exists a Fourier decomposition
Ah,λ (x,θ ,T) = ∑
n∈Z
e−2piınθA
(n)
h,λ (x,T) .
Lemma 3.4. For every n ∈ N, the current A
(n)
h,λ (x,T) is given, for all 1-forms α
on M, by the formula
(7) A
(n)
h,λ (x,T)(α) =
∫
T
0
e2piıλnt ıSα ◦φ
S
t (x)dt
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Proof. For every 1-form α on M, let α(n) = e2piınθ α . We have
(8)
A
(n)
h,λ (x,T)(α) = e
−2piınθAh,λ (x,T)(α
(n))
= e−2piınθCh,λ (x,θ ,T)(α) =
∫
T
0
e2piıλnt ıSα ◦φ
S
t (x)dt .

The analysis is therefore reduced to bounds on currents of degree 1 (and dimen-
sion 1) on M of the form
Ah,λ (x,T)(α) =
∫
T
0
e2piıλt ıSα ◦φ
S
t (x)dt
We estimate the distance of such currents from the subspace of dh,λ -closed currents.
Let δ (h) denote the length of the shortest saddle connection on the translation
surface (M,h).
Lemma 3.5. For any s> 3/2 there exists a constant Cs > 0 such that
‖dh,λAh,λ (x,T)‖−s ≤
Cs
δ (h)
.
Proof. Let α be a dh,λ -exact smooth 1-form, that is, such that there exists a smooth
function u onM with
α = du+2piıλuηT .
We have the following identity:
Ah,λ (x,T)(α) =
∫
T
0
e2piıλt ıSα ◦φ
S
t (x)dt
=
∫
T
0
d
dt
(e2piıλtu◦φSt (x))dt = e
2piıλTu(φTS (x))−u(x) .
Since the injectivity radius of the flat metric on (M,h) is at least δ (h)/2, it follows
by the Sobolev embedding theorem that
|Ah,λ (x,T)(dh,λ u)| ≤
Cs
δ (h)
‖u‖s ,
hence the statement is proved.

Let Z−1
h,λ (M) denote the space of dh,λ -closed 1-dimensional currents which be-
longs to the Sobolev space Ω1H−1h (M) (that is, currents which are continuous func-
tionals on the space of 1-forms with coefficients in the Sobolev space H1h (M), with
respect to the product norm. See section 2).
Lemma 3.6. For any λ ∈R and (x,T )∈M×R, the current Ah,λ (x,T)∈Ω
1H−1h (M)
and has uniformed bounded distance from the closed subspace Z−1
h,λ (M) of dh,λ -
closed 1-currents: there exists a constant Cκ > 0 such that
inf
Z∈Z−1
h,λ
(M)
‖Ah,λ (x,T)−Z‖−1 ≤
C
δ (h)2
.
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Proof. We give two arguments.
First argument. The subspace E1
h,λ (M) = dh,λ [H
2
h (M)] of exact form is closed
in Ω1H1h (M) since the exterior derivative is an elliptic operator. By Hilbert space
theory there exists an orthogonal decomposition
Ω1H1h (M) = E
1
h,λ (M)⊕
⊥
E
1
h,λ (M)
⊥ .
LetC ∈ Ω1H−1h (M) be the current defined on E
1
h,λ (M) as
C(dh,λu) := Ah,λ (x,T)(dh,λ u) for all u ∈ H
2
h (M) ,
extended so that C|E1
h,λ (M)
⊥ = 0. By definition we have that
dh,λC = dh,λAh,λ (x,T) ,
hence the current Z := C−Ah,λ (x,T) is closed. We finally estimate the Sobolev
norm of the current C ∈ Ω1H−1h (M). By Lemma 3.5 we have
|C(du)| = |dAh,λ (x,T)(u)| ≤
C
δ (h)
‖u‖H2h (M)
.
Finally by Poincaré inequality there exists a constant Cκ > 0 such that
‖u‖H2h (M)
≤
Cκ
δ (h)
.
The first argument is complete.
Second argument. The current Ch,λ (x,T ) is a current of integration along an
orbit of the flow ΦS,λt on M×T. For all s, t ≥ 0, let Ω
1H
s,t
h (M×T) of 1-forms
endowed with the following Hilbert norm: for any 1-form α = ∑n∈Z e
2pinθ αn on
M×T, let
‖α‖s,t :=
(
∑
n∈Z
(1+n2)t/2‖αn‖
2
Ω1Hsh(M)
)1/2
and let Ω1H−s,−th (M×T) denote the dual space.
It follows by the Sobolev trace theorem that Ch,λ (x,T ) ∈ Ω
1H
−s,−t
h (M×T) for
s, t > 1/2. By definition of the current Ch,λ (x,T ) there exists a arc γ in M×T
of length bounded able by the diameter of M×T with respect to the flat product
metric such that Ch,λ (x,T ) + γ is a closed current on M ×T. Let γ¯ denote the
orthogonal projection of the current of integration along the arc γ on the closed
subspace K
−s,−t
h,λ (M×T), defined as
K
−s,−t
h,λ (M×T) :=Kh,λ (M×T)∩Ω
1H
−s,−t
h (M×T) .
SinceCh,λ (x,T ) ∈K
−s,−t
h,λ (M×T) and Ch,λ (x,T )+ γ is closed, it follows that
Ch,λ (x,T )+ γ¯ ∈ ZKh,λ (M×T) .
It then follows from the definitions and from Lemmas 3.5 and 3.6 that
inf
z∈Z−1
h,λ
(M)
‖Ah,λ (x,T)− z‖−1 ≤ ‖γ¯‖−1,−1 ≤ ‖γ‖−1,−1 .
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It follows from the Sobolev trace theorem that and from the bound on the diameter
of a translation surface in terms of the systolic length that
‖γ‖−1,−1 ≤
C′κ
δ (h)
diam(M,h)≤
Cκ
δ 2(h)
.
The second argument is completed.

4. THE TWISTED COCYCLE
For every holomorphic differential h on a Riemann surface M and for every
λ ∈ R∗, let H1
h,λ (M,C) denote the twisted cohomology associated to the twisted
differential dh,λ introduced above. In general, for any real closed 1-form η on M
we define the twisted differential
dη = d+2piıη .
The differential dη defines a connection on the trivial bundleM×C ([We80], Chap
II, §1). It is flat since, for all complex-valued form α ∈ Ω∗(M)
d2η α = (d+2piıη∧)(dα +2piıη ∧α) = d
2α +2piıdη ∧α = 0 .
By the above flatness condition the operators
dη : Ω
k(M)→Ωk+1
define a complex, which is elliptic since the principal symbols of the twisted dif-
ferentials are the same as those of the standard exterior derivative elliptic complex
(see [We80], Chap. IV, §2). For k ∈ {0,1,2}, we let Hkη(M,C) the correspond-
ing cohomology, which call twisted cohomology. The first twisted cohomology
H1
h,λ (M,C) arises as a particular case when η = Re(h).
Lemma 4.1. The cohomology space H0η(M,C) (which is isomorphic to H
2
η(M,C)
by Poincaré duality) is non-trivial if and only if [η ] ∈ H1(M,Z) ⊂ H1(M,R) and
in that case it has complex dimension equal to 1.
Proof. Let us assume that there exists a non-zero function f ∈C∞(M) such that
d f +2piıη f = 0 .
If follows from the above equation that the function f is constant along each leave
of the measured foliation Fη = {η = 0}, hence all the non-singular leaves of Fη
are compact. We have
d( f f¯ ) = d f f¯ + d¯ f f =−2piıη f f¯ +2piıη f f¯ = 0 ,
hence f : M → U(1) = {z ∈ C||z| = 1} and there exists a real-valued function
θ :M→ R/Z such that
f (x) = exp(−2piıθ(x)) , for all x ∈M .
By definition we have d f =−2piı f dθ , and since f ∈ Z0η(M,C) and f (x) 6= 0 for all
x∈M, it follows that dθ =η . Since θ :M→R/Z, we conclude that η ∈H1(M,Z).
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Conversely, let us assume that [η ] ∈ H1(M,Z). Given any point p ∈ M, the
function
fp(x) = exp
(
−2piı
∫ x
p
η
)
, for all x ∈M,
is a well-defined, non-zero element of Z0η(M,C) since
d fp =−2piı fpη .
In addition, given any g ∈ Z0η(M,C) we have
d( f¯pg) = ¯d fpg+ f¯pdg= 2piı f¯pgη −2piı f¯pgη = 0 ,
hence f¯pg is a constant, which implies that H
0
η(M,C) has dimension equal to 1.

Since the complex is elliptic, after endowing the vector spaces Ωk(M) of k-forms
with the Hodge L2 hermitian product associated to a holomorphic 1-form h on the
Riemann surface M, by standard Hodge theory it is possible to represent every
cohomology class by a twisted harmonic form. In fact, there exists a decomposition
dη = d
1,0+2piıη1,0+d0,1+2piıη0,1
such that d
1,0
η := d
1,0+2piıη1,0 and d0,1η := d
0,1+2piıη0,1 are maps
d
1,0
η : Ω
p,q(M)→Ωp+1,q(M) and d0,1η : Ω
p,q(M)→Ωp,q+1(M) ,
so that by the Hodge-Dolbeault theory ([We80], Chap. IV, §5)
H1η(M,C) = H
1,0
η (M,C)⊕H
0,1
η (M,C) .
Lemma 4.2. The twisted cohomology H1η(M,C) only depends, up to Hodge uni-
tary equivalence, on the cohomology class [η ] ∈ H1(M,R) and in fact only on the
equivalence class [[η ]] ∈ H1(M,R)/H1(M,Z). The Hodge unitary equivalence is
not unique as it depends on the choice of a base point. A change of base point
induces a unitary automorphism of the twisted cohomology given by the multipli-
cation times a constant of unit modulus.
Proof. For any closed smooth 1-formη , let Z1η(M,C) and B
1
η(M,C) denote the
kernel of the twisted exterior differential dη : Ω
1(M,C)→Ω2(M,C) and the range
of the twisted exterior differential dη : Ω
0(M,C)→ Ω1(M,C). By definition of
twisted cohomology we have
H1η(M,C) := Z
1
η(M,C)/B
1
η(M,C) .
Let η and η ′ be closed smooth 1-forms in the same real cohomology class. By
definition there exists a smooth function f on M such that η ′−η = d f .
LetU f : Ω
k(M,C)→Ωk(M,C) denote the linear multiplication operator
U f (α) = e
2piı f α .
By a direct calculation we have
(dη ◦U f )(α) = e
2piı f (dη +2piı fα) = (U f ◦dη ′)(α) .
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It follows that the restrictions ofU f to linear operators Z
1
η ′(M,C)→ Z
1
η(M,C) and
B1η ′(M,C)→ B
1
η(M,C) are isomorphisms. In addition, since by definitionU f is an
operator of multiplication times a function of constant unit modulus, the projected
operator U f : H
1
η ′(M,C)→ H
1
η ′(M,C) is unitary with respect to the L
2 norm on
forms, hence with respect to the Hodge norm.
Similarly, let us assume that [η ′−η ] ∈ H1(M,Z). Given p ∈M, the formula
Fη ,η
′
p (x) :=
∫ x
p
η ′−η
gives a well-defined function on M with values in R/Z such that dFη ,η
′
p = η ′−η .
It follows that the function exp(2piıFη ,η
′
p ) is well-defined on M. We define the
operator
Uη
′,η
p (α) = exp(2piıF
η ,η ′
p )α
and compute that
(dη ◦U
η ′,η
p )(α) = e
2piıFη,η
′
p (dη +2piıF
η ,η ′
p α) = (U
η ′,η
p ◦dη ′)(α) .
By the latter formula there an induced isomorphism, unitary with respect to the
Hodge norm,
Uη
′,η
p : H
1
η ′(M,C)→ H
1
η(M,C) .
Finally a change of the base point induces a unitary isomorphism given by multi-
plication times a constant of unit modulus. 
Lemma 4.3. The dimension of the first twisted cohomology H1η(M,C) is given by
the following formula:
dimCH
1
η(M,C) =
{
2g , if [η ] ∈ H1(M,Z) ;
2g−2 , if [η ] 6∈ H1(M,Z) .
Proof. The cohomology H1η(M,C) is isomorphic to the cohomology of the local
system Lη defined by the representation ρη : pi1(M,∗)→U(1) defined as
ρη(γ) = exp(2piı
∫
γ
η) , for all γ ∈ pi1(M,∗) .
In fact, let p : Mˆ→M denote the universal cover. The form p∗(η) is closed, hence
exact on Mˆ, so that there exists a function F : Mˆ→ R such that p∗(η) = dF . We
have that
p∗(dη α) = exp(−2piıF)d(p
∗(α)exp(2piıF)) , for all α ∈ Ω∗(M) .
Let then Lη denote the local system on M defined as the sub-bundle of the space
Ω∗(Mˆ,C) of complex-valued forms on Mˆ such that
γ∗(αˆ) = exp(2piı
∫
γ
η)αˆ , for all γ ∈ pi1(M,∗) .
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The twisted cohomology H∗η(M,C), defined as the cohomology of the complex of
the twisted differential dη on complex-valued forms Ω
∗(M,C), is therefore isomor-
phic to the cohomology H∗ρη (M,U(1)) := H
∗(M,Lη), defined as the cohomology
of the complex of the exterior differential d on Lη-valued forms Ω
∗(M,Lη).
The computation of the dimension of the cohomology H1ρ(M,G) has been car-
ried out by W. Goldman in [G84], section 1.5, for a general reductive group G.
We reproduce the argument in our case for the convenience of the reader. For any
representation ρ : pi1(M,∗)→U(1), the cohomology H
1
ρ(M,U(1)) ≡ H
1(M,Lρ),
defined as the de Rham cohomology of the corresponding local system Lρ , can
be identified with other cohomologies such as the singular, Cech, simplicial, coho-
mologies with local coefficients in the local system Lρ . By working in simplicial
cohomology, we note that the (finite-dimensional) cochain complex is independent
of the flat connection, so its Euler characteristic equals 2−2g, since the local sys-
tem Lρ has rank equal to 1. Now the Euler characteristic is invariant under taking
the cohomology of the complex so the Euler characteristic of the graded cohomol-
ogy space also equals 2−2g.
In the case H0(M,Lρ) = 0, since M is a closed orientable surface, by Poincaré
duality H2(M,Lρ) = 0. By definition of Euler characteristic of a complex, we have
0− dimCH
1(M,Lρ)+0= 2g−2 ,
so that dimCH
1(M,Lρ) = 2g−2 as stated.
In the caseH0(M,Lρ)≡H
0
η(M,C) 6= 0, by definition of the twisted cohomology
there exists a non-zero function f ∈C∞(M) such that dη f = 0. The linear mapU f
defined as
U f (α) = f¯α , for all α ∈Ω
∗(M,C) ,
has the property that
d ◦U f =U f ◦dη ,
hence it establishes a (unitary) isomorphism between H1η(M,C) and H
1(M,C). It
follows that the dimension of H1η(M,C) in this case is equal to 2g.
Finally, by Lemma 4.1, we have that H0η(M,C) 6= 0 if and only if [η ]∈H
1(M,Z).

The Teichmüller geodesic flows lifts by parallel transport to the Kontsevich–
Zorich cocycle on the bundle with fiberH1(M,R) over the moduli space of Abelian
differentials. The Kontsevich-Zorich cocycle projects onto a flow on the bundle
with fiber the real de Rhammoduli spaceH1(M,R)/H1(M,Z). We define a twisted
cohomology bundle over the latter space. The linear model for our construction is
given by the bundle of cohomologies of flat connections over the de Rham moduli
space in the case of purely imaginary connections (see [GX], section 2.2).
We consider the space
H1κ(M,T) =
(
Hˆκ ×H
1(M,R)/H1(M,Z)
)
/Γg
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and the bundle with fiber H1η(M,C) at each point [(h,η)] ∈ H
1
κ(M,T), that is,
T
1
κ(M,C) := {(h,η ,α)|[(h,η)] ∈ H
1
κ(M,T) and α ∈ H
1
η(M,C)}/Γg .
We remark that strictly speaking the elements of this bundle are only defined up
to equivalence relation given by a unitary action of H1(M,Z) on the twisted coho-
mology bundle and up to the multiplicative action of the group complex numbers
of modulus one. In other terms, we can define the real Hodge bundle
H1κ(M,R) =
(
Hˆκ ×H
1(M,R)
)
/Γg
and the twisted cohomology bundle over the Hodge bundle
Tˆ
1
κ(M,C) := {(h,η ,α)|[(h,η)] ∈ H
1
κ(M,R) and α ∈H
1
η(M,C)}/Γg .
In the above formula the symbol [(h,η)] denote the equivalence class of the pair
(h,η) with respect to the action of the mapping class group Γg by pull-back on the
toral Hodge bundle over the lift Hˆκ of the stratum Hκ to the Teichmüller space.
The elements of the bundle Tˆ1κ(M,C) are defined up to the multiplicative ac-
tion of the group complex numbers of modulus one. The subgroup H1(M,Z) acts
linearly on the bundle Tˆ1κ(M,C) by unitary transformations and by definition we
have
T
1
κ(M,C) = Tˆ
1
κ(M,C)/H
1(M,Z) .
The Teichmüller flow lifts to the bundle H1κ(M,T), then to the bundle T
1
κ(M,C) by
parallel transport. In other terms the action is given by the formulas
gt [(h,η ,α)] = [(gt(h),η ,α)] , for all [(h,η ,α)] ∈ T
1
κ(M,C) .
We remark that this action comes from an action of SL(2,R): for all g ∈ SL(2,R)
we define
g[(h,η ,α)] = [(g(h),η ,α)] , for all [(h,η ,α)] ∈ T1κ(M,C) .
In the above formulas the symbol [(h,η ,α)] denote the equivalence class of the
triple (h,η ,α) with respect to the action of the mapping class group Γg by pull-
back on the the twisted cohomology bundle over the lift Hˆκ ×H
1(M,T) of the
toral Hodge bundle H1κ(M,T) to the Teichmüller space.
5. FIRST VARIATIONAL FORMULAS
We compute below variational formulas for the Hodge norm of real classes in
H1η(M,C)⊕H
1
−η(M,C) .
Let h ∈H(κ) be any Abelian differential. Since h determines a complex structure
on the surface, we can write η = η1,0+η0,1, according to the Hodge decomposi-
tion, so that there exists a smooth function fη on M such that
η1,0 = fηh and η
0,1 = f¯η h¯ .
We can therefore introduce the Hodge decomposition
dη = d
1,0
η +d
0,1
η = d
1,0+2piıη1,0+d0,1+2piıη0,1
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and the twisted Cauchy-Riemann operators
∂+h,η = ∂
+
h +2piı f¯η and ∂
−
h,η = ∂
−
h +2piı fη .
In fact, writing η = aRe(h)+bIm(h), we have
η = a
h+ h¯
2
− ıb
h− h¯
2
=
a− ıb
2
h+
a+ ıb
2
h¯ ,
hence in particular fη =
a−ıb
2
and we have
∂+h,η = (S+ ıT )+piı(a+ ıb) = (S+piıa)+ ı(T +piıb) ,
∂−h,η = (S− ıT )+piı(a− ıb) = (S+piıa)− ı(T +piıb) .
Let us now consider the Teichmüller deformation gt(h,η) = (ht ,η) with
Re(ht) = e
−tRe(h) and Im(ht) = e
t Im(h) .
We have η = atRe(ht)+btIm(ht) with
at = e
ta and bt = e
−tb ,
hence
∂+ht ,η = (e
tS+ ıe−tT )+piı(eta+ ıe−tb) = et(S+piıa)+ ıe−t(T +piıb) ,
∂−ht ,η = (e
tS− ıe−tT )+ ı(eta− ıe−tb) = et(S+piıa)− ıe−t(T +piıb)
From these formula we derive the basic fact that
d
dt
(∂+ht ,η) = ∂
−
ht ,η
and
d
dt
(∂−ht ,η ) = ∂
+
ht ,η
.
Let M±h,η ⊂ L
2
h(M) denote the kernels of the Cauchy-Riemann operators ∂
±
h,η
and, for simplicity of notation, let M±η ,t =M
±
ht ,η
denote the kernels of the Cauchy-
Riemann operators
∂±η ,t = ∂
±
ht ,η
along the orbit gt(h,η) = (ht ,η). Any real class c in the direct sum above can be
represented as in the form
c= Re([mη ,tht ]+ [m−η ,tht ]) .
with functions mη ,t ∈M
+
η ,t and m−η ,t ∈M
+
−η ,t .
Lemma 5.1. The variation of the Hodge norm is given by the formula
d
dt
(‖mη ,t‖
2+‖m−η ,t‖
2) = 2Re(〈mη ,t ,m−η ,t〉+ 〈m−η ,t ,mη ,t〉)
= 4Re〈mη ,t ,m−η ,t〉 .
Proof. Let pi±η ,t : L
2
h(M)→M
±
η ,t denote the orthogonal projections. By the condi-
tion that mη ,t ∈M
+
η ,t and m−η ,t ∈M
+
−η ,t , for all t ∈ R, we claim that there exist
(vt),(wt)⊂H
1(M), and φη ,t ∈M
+
η ,t and ψ−η ,t ∈M
+
−η ,t such that{
mη ,t = ∂
+
η ,tvt +pi
−
η ,t(mη ,t)
d
dt
mη ,t =−∂
−
η ,tvt +φη ,t
and
{
m−η ,t = ∂
+
−η ,twt +pi
−
−η ,t(m−η ,t)
d
dt
m−η ,t =−∂
−
−η ,twt +ψ−η ,t
.
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The proof of the above formulas follows the argument in the untwisted case given
in [F02], Lemma 2.1. Since mη ,t ∈M
+
η ,t and m−η ,t ∈M
+
−η ,t , it follows from the
definitions that ∂+η ,tmη ,t = ∂
+
−η ,tm−η ,t = 0, for all t ∈R, hence by a straightforward
calculation we have
∂−η ,tmη ,t +∂
+
η ,t(
dmη ,t
dt
) =
d
dt
(∂+η ,tmη ,t) = 0;
∂−−η ,tm−η ,t +∂
+
−η ,t(
dm−η ,t
dt
) =
d
dt
(∂+−η ,tm−η ,t) = 0 .
Moreover, by the definition of the cocycle, for a real class there exists ( ft) such
that
d
dt
Re(mη ,tht +m−η ,tht) = dη ,t ft +d−η ,t f¯t .
Since dht
dt
=−ht we have
dmη ,t
dt
+
dm−η ,t
dt
− (mη ,t +m−η ,t) =−∂
−
η ,t(vt + w¯t)−∂
−
−η ,t(v¯t +wt)
+φη ,t +ψ−η ,t −pi
−
η ,t(mη ,t)−pi
−
−η ,t(m−η ,t) ,
which implies that ft =−(vt + w¯t),
φη ,t = pi
−
−η ,t(m−η ,t) and ψ−η ,t = pi
−
η ,t(mη ,t) .
The formulas claimed above are therefore proven.
The variation of the Hodge norm is then given by the formula
d
dt
(‖mη ,t‖
2+‖m−η ,t‖
2) = 2Re(〈mη ,t ,
dmη ,t
dt
〉+ 〈m−η ,t ,
dm−η ,t
dt
〉)
= 2Re(〈mη ,t ,pi
−
−η ,t(m−η ,t)〉+ 〈m−η ,t ,pi
−
η ,t(mη ,t)〉)
= 2Re(〈mη ,t ,pi
−
−η ,t(m−η ,t)〉+ 〈m−η ,t ,pi
−
η ,t(mη ,t)〉)
= 2Re(〈mη ,t ,m−η ,t〉+ 〈m−η ,t ,mη ,t〉) = 4Re〈mη ,t ,m−η ,t〉 .

Let Λκ : H
1
κ(M,T)→ R
+∪{0} be the function defined as
(9)
Λκ(h, [η ]) := sup
{
2|〈mη ,m−η〉|
‖mη‖2+‖m−η‖2
|(mη ,m−η) ∈M
+
η ×M
+
−η \{(0,0)}
}
.
As an immediate consequence of the first variational formulas, we derive an
upper bound for the growth of the Hodge norm of twisted cohomology classes
under the twisted cocycle.
Lemma 5.2. Let c ∈H1η(M,C). We have
‖gt([h,η ,c])‖ ≤ ‖[h,η ,c]‖exp
(∫ t
0
Λκ(gs([h,η ]))ds
)
.
We finally prove that the function Λκ ≤ 1 everywhere and Λκ < 1 outside of any
neighborhood of the zero section H1(M,Z) of H1(M,T).
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Lemma 5.3. The function Λκ is upper semi-continuous with values in [0,1] and
Λκ(h, [η ])< 1 , for all (h, [η ]) such that [η ] 6∈ H
1(M,Z) .
Proof. The holomorphic and anti-holomorphic part, d1,0 and d0,1 of the exterior
differential d are elliptic, in the sense that for any 1-form α onM we have
‖α‖Ω1H1h (M)
≤ ‖α‖Ω1L2h(M)
+min{‖d1,0α‖Ω2L2h(M)
,‖d0,1α‖Ω2L2h(M)
}
It follows that the unit ball in the space
{([η ],αη ,α−η) ∈ H
1(M,T)× Ker (d0,1η )× Ker (d
0,1
−η)}
that is, the set of (η ,αη ,α−η) such that
‖αη‖
2
Ω1L2h(M)
+‖α−η‖
2
Ω1L2h(M)
= 1
is compact, hence has finite dimensional fibers. We observe that by Hodge theory
the complex dimension ofM±h,±η equals half the complex dimension of the twisted
cohomology, which we have computed in Lemma 4.3. It follows that the supremum
in the definition of the function Λκ is achieved. By the ellipticity of the operators
d1,0 and d0,1 it also follows that the spaces Ker (d1,0±η) and Ker (d
0,1
±η ) depends
upper semi-continuously on the closed 1-form η , hence the spaces M±h,±η depend
upper semi-continuously on the pair (h,η)∈H(κ)×H1(M,T) . Thus we conclude
that the function Λκ is upper semi-continuous.
By the Schwartz inequality we have
|〈mη ,m−η〉| ≤ ‖mη‖‖m−η‖ ≤
1
2
(‖mη‖
2+‖m−η‖
2) ,
with equality only if there exists a non-zero constant c ∈ C (of modulus one) such
that mη = cm−η . From this condition, it follows that mη ∈ M
+
η ∩M
−
η , that is,
∂+η mη = ∂
−
η mη = 0 hence in particular
(d+2piıη)mη = 0 .
It follows that H0η(M,C) is non-trivial, which by Lemma 4.1 implies that [η ] ∈
H1(M,Z). A direct alternative argument goes as follows. Let (X ,Y ) be a frame
such that ıXη = 0 and ıYη =−1. We then have
Xmη = ıX(d+2piıη)mη = 0 and (Y −2piı)mη = ıY (d+2piıη)mη = 0 .
The first condition implies that η defines a completely periodic foliation Fη . The
second condition that M/Fη endowed with the transverse measure covers a circle
of unit length, hence [η ] ∈ H1(M,Z) (as all periods are integers). 
We conclude that if the Teichmüller orbit of (h,η) visits the complement of any
given neighborhood of the zero section H1(M,Z) with positive frequency, then
there exist constants C > 0 and Λ < 1 such that, for all c ∈ H1η(M,C) we have
‖gt([h,η ,c])‖ ≤C‖[h,η ,c]‖e
Λt , for all t > 0 .
In the next section we investigate the dynamics of the lift of the Teichmüller flow to
the toral bundle H1κ(M,T) over the stratum H(κ) of the moduli space of Abelian
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differential, with fiber H1h (M,T) := H
1(M,R)/H1(M,Z) at any h ∈ H(κ), with
particular attention to the set of trajectories which asymptotically “spend all their
time” in any neighborhood of the zero section H1(M,Z) of the bundle.
6. THE TORAL KONTSEVICH-ZORICH COCYCLE
The projection of the Kontsevich–Zorich cocycle to the quotient toral bundle
H1κ(M,T) := H
1
κ(M,R)/H
1
κ(M,Z) is the key dynamical system behind the proof
of generic weak mixing for translation flows, for interval exchange transforma-
tions [AvF07], generic translation flows on non-arithmetic Veech surfaces [AD16],
[AL]. We remark that the bundle H1κ(M,T) is isomorphic to the character variety
bundle introduced in [FG] for the compact group U(1). In fact, elements of the
character variety for a group G are homomorphisms ρ : pi1(M,∗)→ G. For any
Abelian group, homomorphisms of pi1(M,∗) to G factors through the integral ho-
mology H1(M,Z). Every homomorphism of H1(M,Z) to U(1) ≡ R/Z lifts to a
homomorphism from H1(M,Z) to R, which is an element of H
1(M,R). It follows
that the character variety for G =U(1) is isomorphic to H1(M,R)/H1(M,Z). It
was proved in [FG] that the lift of the Teichmüller flow to the bundle H1κ(M,T) is
ergodic, in fact even mixing, with respect to the canonical lift of the any of Masur-
Veech measures on strata of the moduli space of Abelian differentials.
It was proved in [AvF07] that the horizontal translation flow of a translation
surface (M,h) is weakly mixing if the line R[Re(h)] ∈H1h (M,T) does not intersect
the weak stable lamination of the zero section of the bundle H1κ(M,T). The weak
stable lamination is defined as the set of all c ∈ H1h (M,T) such that the orbit of c
under the projected Kontsevich–Zorich cocycle converges to the zero section along
a subsequence of return times to a compact set the space of zippered rectangles.
It was then proved in [AvF07] by a “linear elimination” argument (see [AvF07],
Appendix A) that the set of translation surfaces (M,h) such thatR[Im(h)] intersects
the weak stable lamination has Hausdorff codimension at least g−1 for the Masur-
Veech measures (in general, the Hausdorff codimension is equal to the number of
non-tautological positive exponents of the Kontsevich–Zorich cocycle). It was also
proved by a “non-linear elimination” argument that a similar property for Lebesgue
almost all interval exchange transformations. By the Veech criterion, the authors
derived that almost all interval exchange transformations and almost all translation
flows are weakly mixing.
We introduce a version of the weak stable space. Let K ⊂ H(κ) be a com-
pact subset and let U be any open neighborhood of the zero section of the bundle
H1κ(M,T), that is, the projection of a neighborhood of H
1
κ(M,Z)⊂ H
1(M,R). For
every h ∈H(κ), and every η > 0, letW sK,U (h,η)⊂ H
1
h (M,T) denote the set
W sK,U (h,η) = {c ∈ H
1
h (M,T) | limsup
t→+∞
∫ t
0 χK(gτ (h))χU (gτ (h,c))dτ∫ t
0 χK(gτ (h))dτ
≥ 1−η} .
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LetW sK(h) denote the intersection of all setsW
s
K,U (h,η) asU varies over the family
U of all neighborhoods of the zero section of the bundle H1κ(M,T) and η ∈ (0,1):
W sK(h) :=
⋂
U∈U
⋃
η∈(0,1)
W sK,U (h,η) .
The following lemma provides a simple but effective way to bound the Hausdorff
dimension of a set defined as an upper limit.
Lemma 6.1. Let {Wn} be a sequence of subsets of R
d and let W ⊂ Rd be the set
defined as
W = limsup
n→∞
Wn = ∩n∈N∪m≥nWm .
Assume that, for each n ∈ N, the set Wn can be covered by Nn balls of radius Rn.
Then the Hausdorff dimension H-dim(W ) satisfies the upper bound
H-dim(W )≤ inf{δ > 0| liminf
n→+∞
∑
m≥n
NmR
δ
m = 0} .
Proof. Let Hδ denote the δ -dimensional Hausdorff outer measure on Rd . Let
{Ωm} be a cover of the setWm by Nm balls of radius Rm. It follows that, for each
n ∈ N we have
W ⊂ Ω(n) :=
⋃
m≥n
Ωm .
By assumption we have
∑
B∈Ω(n)
|B|δ = ∑
m≥n
∑
B∈Ωm
|B|δ =Cδd ∑
m≥n
NmR
δ
m .
By the definition of outer measure, it follows that
Hδ (W )≤Cδd liminf
n→+∞
∑
m≥n
NmR
δ
m .
We conclude that Hδ (W ) = 0 for any δ > 0 such that
liminf
n→+∞
∑
m≥n
NmR
δ
m = 0 ,
hence H-dim(W ) ≤ δ by the properties of Hausdorff dimension. The argument is
thus complete. 
We generalize below to our setting the “linear elimination” argument of [AvF07].
Let (tn) a sequence of return times of the Teichmüller orbit {gt(h)|t > 0} to the
compact set K ⊂H(κ). Let us define the sets
(10) W sK,U,n(h,ε) = {c ∈ H
1
h (M,T) |
∫ tn
0 χK(gt(h))χU (gt(h,c))dt∫ tn
0 χK(gt(h))dt
≥ 1− ε} .
Let rK > 0 be a radius such that, for all h ∈ K, the closed Hodge ball of radius
rK in H
1
h (M,T) centered at the origin is isometric to the closed Hodge ball of the
same Hodge radius in H1h (M,R). Let U(r) denote a neighborhood of radius equal
to r ∈ (0,rK) (with respect to the Hodge metric) of the zero section of H
1
κ(M,T).
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Let h ∈ H(κ) be a Birkhoff generic point for the Teichmüller geodesic flow
and Oseledets regular for the Kontsevich–Zorich cocycle on the Hodge bundle
H1κ(M,R) with respect to the Masur–Veech measure.
Lemma 6.2. There exist constants CK > 1, ν > 0 and there exists a function εK :
(0,rK)→ (0,1) such that limr→0+ εK(r) = 0 such that the following holds. LetV de-
note any affine subspace parallel to a subspace V0 transverse to the central-stable
space Ecs(h) and let du := dim (V0) the unstable dimension. The setW
s
K,U(r),n(h,ε)∩
V is covered by at most Nn(r,ε) balls of Hodge radius at most Rn(r,ε) so that the
following bounds hold:
(11)
limsup
n→+∞
1
tn
logRn(r,ε)≤−ν(1− ε)C
−1
K µκ(K) ;
limsup
n→+∞
1
tn
logNn(r,ε)≤CKdu(ε + εK(r)) .
Proof. The first estimate follows from the Birkhoff ergodic theorem and from the
Oseledets theorem. For each n ∈ N, let τn ∈ [0, tn] be defined as
τn := inf
c∈W s
K,U(r),n
(h,ε)
sup{t ∈ [0, tn]|gt(h,c) ∈U(r) and gt(h) ∈ K} .
Since h is Birkhoff generic, by Birkhoff ergodic theorem and by the definition of
the setW s
K,U(r),n(h,ε), we have
liminf
n→+∞
τn
tn
≥ (1− ε)µκ(K) .
By compactness and by the Oseledets theorem, there exists ν > 0 such that, for
each n∈N, every c∈W s
K,U(r),n(h,ε)∩V belongs to a ball of radiusCKre
−ντn , hence
the estimate on the sequence (Rn(r,ε)) holds, for all r > 0.
The second estimate, on the number Nn(r,ε) of connected components of the set
W s
K,U(r),n(h,ε)∩V , is proved as follows.
Let pi : H1κ(M,R)→H(κ) denote the bundle projection. For each n ∈ N, we
count connected components by coding trajectories according to whether they are
inU(r)∩pi−1(K) (coded by the symbol u), inU(r)c∩pi−1(K) (coded by the sym-
bol u′) or the Teichmüller orbit is not in K (coded by the symbol K′). Maximal
trajectory arcs in pi−1(K) outside of the set U(r)∩ pi−1(K) have length at least
C−1K | logr|, since the maximal expansion rate of the Kontsevich–Zorich cocycle
at time t > 0 with respect to the Hodge norm is bounded above by et and above
the compact set K ⊂ H(κ) lattice points separation (with respect to the Hodge
distance) is bounded below. Hence it is enough to code trajectories in K at time
intervals equal to C−1K | log r|/2: we divide the each trajectory segment in K into
segments of equal length C−1K | logr|/2 (and a reminder which we neglect) and as-
sign to each segment the label corresponding to its midpoint. Trajectory segments
outside K are coded by the label K′ and several such segments are labeled by a
single symbol K′ if they are separated by segments in U(r)∩pi−1(K) shorter than
C−1K | logr|/2.
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By compactness, there also exists a function δK : (0,1] → R
+ (depending on
the compact set K ⊂ H(κ) with limr→0+ δK(r) = +∞, such that, for all h ∈ K,
for all r > 0 and for |t| ≤ δK(r) the image of the ball B(0,r) ⊂ H
1
h (M,R) (in the
Hodge metric) contains a single point (the origin) of the lattice H1
gt(h)
(M,Z) ⊂
H1
gt(h)
(M,R). Hence any trajectory arc outside pi−1(K) with both endpoints in
U(r)∩ pi−1(K) will still be coded by the letter u unless it has time-length larger
than δK(r) > 0. For every word w, let Γ
′
w denote the set of arcs of trajectory of
the cocycle in U(r)c ∩pi−1(K) with both endpoints in U(r)∩pi−1(K) , and let Γ′′w
denote the set of arcs of trajectory of the cocycle, with both endpoints in U(r)∩
pi−1(K), which project to a Teichmüller arc not contained in K and have time-
length at least δK(r) > 0. In other terms, Γ
′
w is the set of all arcs corresponding
in the coding to maximal strings of w of the form u′ . . .u′ with no letter equal to u
or K′, and Γ′′w is the set of all arcs corresponding in the coding to maximal strings
consisting only of the letters u′ and K′, of time-length at least δK(r)> 0. For every
orbit arc γ ∈ Γ′w∪Γ
′′
w, let τ(γ) denote its time length.
Let δ ′K(r) =min{C
−1
K | log r|,δK(r)}. It follows that the total number of different
words is at most (by standard bounds on the binomial coefficients)( tn
δ ′K(r)
εtn
δ ′K(r)
)
≤
( e
ε
) εtn
δ ′
K
(r)
.
There exist constants C′K > 0 and rK > 0 such that for a fixed word w the number
of different connected components with code w is at most
C′K ∏
γ ′∈Γ′w
max(1,(r/rK)e
τ(γ ′))du ∏
γ ′′∈Γ′′w
max(1,(r/rK )e
τ(γ ′′))du .
This statement follows from the fact that the maximal expansion of the cocycle
in a time τ > 0 with respect to the Hodge norm is equal to eτ , hence the bound
follows by a volume estimate on the unstable space. In fact, we argue as follows.
Let Cw,n(h) ⊂W
s
K,U(r),n ∩V denote the subset of all cohomology classes which
have a symbolic sequence equal to w up to time tn > 0. Every c ∈ Cw,n(h) can
be labeled by the string (m1, . . . ,mk) of distinct lattice points in H
1
h (M,Z) such
gt(h,c) visits a ball Bgτi (h)(mi,r) in the Hodge metric on H
1
gτih
(M,Z) at a time τi
for a sequence of times 0≤ τ1 < τ2 < · · ·< τk < · · · ≤ tn. Lattice points along the
Teichmüller orbit gR(h) can be identified by parallel transport. On each subinterval
I = [a,b] ⊂ [0, tn] such that gI(h) ⊂ U(r)∩ pi
−1(K), by definition we have that
ga(h,c) ∈ Bga(h)(m,r) implies gb(h,c) ∈ Bgb(h)(m,r), for any c ∈ Cw,n(h). Now
on each maximal subinterval I = [a,b] ⊂ [0, tn] such that gI(h) ⊂ K
c or gI(h,c) ⊂
U(r)c ∩ pi−1(K) every Hodge ball Bga(h)(m,r) is mapped by the cocycle into a
subset of a Hodge ball of radius at most re|I|. Since K is compact, there exists
a constant rK > 0 such that, for any Abelian differential h ∈ K, a Hodge ball of
radius at most re|I| in H1h (M,R) contains at most (r/rK)
duedu|I| lattice points. It
follows that for each such subinterval our upper bound on the number of connected
components is multiplied times a factor (r/rK)
duedu|I|. Thus for r ≤ rK we have
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proved the estimate
logNn(r,ε)≤ logC
′
K + ε(1+ | logε |)
tn
δ ′K(r)
+du
(
∑
γ ′∈Γ′w
max(0,τ(γ ′))+ ∑
γ ′′∈Γ′′w
max(0,τ(γ ′′))
)
.
It remains to estimate the third and fourth term on the RHS of the above inequality.
For the third term, since c ∈W s
K,U(r),n(h,ε) and Γ
′
w denote the set of arcs of trajec-
tory of the cocycle in the complement of U(r), which project to a Teichmüller arc
in K, we have
∑
γ ′∈Γ′w
max(0,τ(γ ′)−δK(r)) ≤ εtn .
Finally, we estimate the fourth term. We distinguish two cases: in case (a) the
total time-length of the part of trajectory γ ′′ ∈ Γ′′w insideU(r)
c∩pi−1(K) is at least
σK ∈ (0,1) times the total time length of γ
′′
w ∈ Γ
′′
w; in case (b) the total time-length
of the part of trajectory inside U(r)c ∩ pi−1(K) is at most σK times the total time
length of γ ′′w ∈ Γ
′′
w, hence the time-length of the part of the Teichmüller trajectory
outside K in moduli space is at least 1−σK times the total time length of the arc
γ ′′w.
The total time-length of trajectories γ ′′w which are in case (a) is bounded above
by σ−1K times the total time that the trajectory spends inU(r)
c∩pi−1(K).
For case (b), let tn(r) denote the total time-length of those Teichmüller trajec-
tories, starting and ending in K, of length at least δK(r), which spend at least a
fraction 1−σK of their time outside of K up to time tn > 0. Since δK(r)→ +∞
as r→ 0+, there exists σK > 0 such that by the Birkhoff ergodic theorem, for any
Birkhoff generic point for the Teichmüller flow, we have
lim
r→0+
sup
n≥0
tn(r)
tn
= 0 .
We therefore define εK : (0,rK)→ (0,1) as
εK(r) := sup
n∈N
tn(r,ε)
tn
.
Finally we have the estimate
∑
γ ′′∈Γ′′w
max(0,τ(γ ′′)−δK(r))≤CK(ε + εK(r))tn .
The estimates claimed in formula (11) are thus proved.

Theorem 6.3. Let h ∈H(κ) be any Abelian differential which is forward Birkhoff
generic for the Teichmüller flow and Oseledets regular for the Kontsevich–Zorich
cocycle. For any affine subspace V ⊂H1h (M,T), parallel to a linear subspace V0 ⊂
H1h (M,R) which is transverse to the central stable space E
cs(h), the Hausdorff
dimension of the set V ∩W sK(h) is equal to 0. In fact, for any δ > 0 there exists
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an open neighborhood U ⊂ H1κ(M,T) of the zero section and ε > 0 such that the
Hausdorff dimension of V ∩W sK,U (h,ε) is at most δ .
Proof. Recall that for any sequence (tn) and for any ε > 0, the sets W
s
K,U,n(h,ε)
have been defined in formula (10) as
W sK,U,n(h,ε) = {c ∈ H
1
h (M,T) |
∫ tn
0 χK(gt(h))χU (gt(h,c))dt∫ tn
0 χK(gt(h))dt
≥ 1− ε} .
By definition, there exists a diverging sequence (tn) of return times of the forward
Teichmüller orbit {gt(h)|t > 0} to the compact subset K ⊂H(κ), such that for any
ε ∈ (0,1), we have the inclusion
W sK,U (h)⊂ limsup
n→∞
W sK,U,n(h,ε) = ∩n∈N∪m≥nW
s
K,U,m(h,ε) .
By Lemma 6.2 there exists a function εK(r) with limr→0+ εK(r) = 0 such that the
set W s
K,U(r),n(h,ε)∩V can be covered by at most Nn(r,ε) balls of radius at most
Rn(r,ε) such that Nn(r,ε) and Rn(r,ε) satisfy the bounds in formula (11). By those
estimates we have
∑
m≥n
NmR
δ
m ≤ ∑
m≥n
eCKduεK (r)tme−C
−1
K δ (1−η)νtm = ∑
m≥n
e−(C
−1
K δ (1−η)ν−CKduεK (r))tm .
Let then δ >C2KεK(r)du[(1−ε)ν ]
−1. Since it is possible to assume tn≥ n (for large
n ∈ N), under this assumption we have
limsup
n→+∞
∑
m≥n
e−(C
−1
K δ (1−ε)ν−CKduεK(r))tm ≤ liminf
n→+∞
∑
m≥n
e−(C
−1
K δ (1−ε)ν−CKduεK (r))m
≤ liminf
n→+∞
e−(C
−1
K δ (1−ε)ν−CKduεK(r))n
1− e−(C
−1
K δ (1−ε)ν−CKduεK(r))
= 0 .
By Lemma 6.1 we derive the following Hausdorff dimension bound
H-dim
(
W sU(r)(h,ε)∩V
)
≤C2KεK(r)du(1− ε)
−1ν−1 .
Thus for any δ > 0 there exists r > 0 and ε > 0 such that the Hausdorff dimension
ofW s(h)∩V is ≤C2KεK(r)du(1− ε)
−1ν−1 < δ , hence it is equal to zero, as stated.

We conclude the section with growth estimates for the twisted cocycle.
Let Λκ : H
1
κ(M,T)→ [0,1) be the function defined in formula (9). We recall
that, by Lemma 5.2, the ergodic integrals of Λκ bound the logarithm of the norms
of the twisted cocycle. We also recall that Λκ < 1 everywhere except on the zero
section of the bundle H1κ(M,T) and it is upper semicontinuous by Lemma 5.3.
Lemma 6.4. Let h ∈H(κ) be any Abelian differential which is forward Oseledets
regular for the Kontsevich–Zorich cocycle with respect to the Masur-Veech mea-
sure. There exists a set RW s(h) ⊂ H1(M,R) of Hausdorff dimension g+1 (which
depends only on [Im(h)] ∈ H1(M,Σ;R)) such that if [Re(h)] 6∈ RW s(h) then there
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exists a constant αh > 0, and for all λ ∈R\{0} there exists a constant C(h,λ )> 0,
such that, for all c ∈H1
h,λ (M,C) and for all t > 0 we have
exp
(∫ t
0
Λκ(gτ [h,λRe(h)])dτ
)
≤C(h,λ )e(1−αh)t .
Proof. Let K ⊂H(κ) be a compact subset. For anyU ∈U, let RW sU (h) denote the
set defined as
RW sK,U (h,ε) := {R · c|c ∈W
s
K,U (h,ε)} .
For almost all h ∈ H(κ), with respect to the Masur-Veech measure, the central
stable space (which is equal to the stable space) has codimension equal to the genus
g≥ 2. By Theorem 6.3 we have that the Hausdorff dimension of the set
W sK(h) :=
⋂
U∈U
⋂
ε∈(0,1)
W sK,U (h,ε) .
is equal to g, hence for any δ ∈ (0,g−1) there existU and ε ∈ (0,1) such that the
Hausdorff dimension ofW sK,U (h,ε)∩V is at most δ . It follows that the Hausdorff
dimension of R ·W sK,U (h,ε) is at most g+ 1+ δ < 2g. By definition, it follows
that for any [Re(h)] 6∈ RW sK(h) there exists U ∈ U and ε > 0 such that λ [Re(h)] 6∈
W sK,U (h,ε) for all λ ∈ R. It follows that there exists a th(λ ) > 0 such that, for all
t ≥ th(λ ), we have
1
t
∫ t
0
χU(gτ (h,λ [Re(h)]))dτ ≤ 1− ε .
The statement then follows from Lemma 5.2 and Lemma 5.3 
Lemma 6.5. There exist r0 ∈ (0,rK), ε0 ∈ (0,1) such that the following holds. For
every r∈ (0,r0), every ε ∈ (0,ε0), there exists χ > 0, and for every forward Birkhoff
generic and Oseledets regular h∈H(κ), there exist a constant Cκ(Im(h),r,ε) such
that, for all n ∈N,
vol
(
WK,U(r),n(h,ε)
)
≤Cκ(Im(h),r,ε)e
−χtn .
Proof. By Lemma 6.2 such that, for any affine unstable subspace V and for n large
enough, the set WK,U(r),n(h,ε)∩V is covered by Nn(r,ε) balls of radius Rn(r,ε)
with
Rn(r,ε)≤ e
− ν
2
(1−ε)C−1K µκ (K)tn and Nn(r,ε)≤ e
2CKdu(ε+εK(r))tn ,
so that there exists r0 ∈ (0,rK) and ε0 ∈ (0,1) with
χ :=
ν
2
(1− ε)C−1K µκ(K)−2CK(ε + εK(r))> 0 .
The argument is therefore complete.

Lemma 6.6. There exist constants ακ , α
′
κ and Nκ > 0 such that, for almost all
Abelian differential h ∈H(κ) with respect to the Masur–Veech measure, there ex-
ists a constant Cκ(h)> 0 such that, for all n∈N and for all λ ∈R with |λ | ≥ e
−α ′κ tn ,
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we have
exp
(∫ tn
0
Λκ(gt [h,λRe(h)])dt
)
≤Cκ(h)(1+λ
2)
Nκ
2 e(1−ακ)tn .
Proof. Let us fix r > 0 and ε > 0 such that Lemma 6.5 holds: there exists χ > 0
and Cκ(Im(h),r,ε) such that, for all n ∈ N,
vol
(
WK,U(r),n(h,ε)
)
≤Cκ(Im(h),r,ε)e
−χtn .
Let χ ′ ∈ (0,χ/2g) and let Bn denote the set of Abelian differentials h ∈ H(κ),
such that h is forward Birkhoff regular and Oseledets generic, and in addition
{λ [Re(h)] ∈ H1(M,T)|λ ∈ [e−χ
′tn ,eχ
′tn ]} ∩WK,U(r),n(h,ε) = /0 .
By definition, there exists ακ := α(r,ε) > 0 such that, whenever h is forward
Birkhoff regular and Oseledets generic, but h 6∈ ∪m≥nBm, for all m ≥ n and for
|λ | ∈ [e−χ
′tm ,eχ
′tm ], the class λ [Re(h)] does not belong toWK,U(r),m(h,ε), hence
exp
(∫ tm
0
Λκ(gt [h,λRe(h)])dt
)
≤C(h,λ )e(1−ακ )tm .
There exists therefore a constant Cκ(Im(h)) > 0 such that, for all m ≥ n and for
λ ∈ R with |λ | ≥ e−χ
′tm we have
exp
(∫ tm
0
Λκ(gt [h,λRe(h)])dt
)
≤Cκ(Im(h))(1+λ
2)
ακ
2χ′ ‖e(1−ακ )tm .
In addition, for all n ∈ N, let [Re(Bn)] := {[Re(h)] ∈ H
1(M,T)|h ∈Bn}. We have
the following volume estimate
vol (∪m≥n[Re(Bn)])≤Cκ(Im(h),r,ε)e
(2gχ ′−χ)n ,
hence the set B= ∩n∈N∪m≥nBm has Masur-Veech measure zero.

7. TRANSFER COCYCLES
In this section we prove a “spectral gap” result for the extension of the twisted co-
cycle to a bundle of 1-currents. The argument follows closely that given in [AtF08],
section 4.2, where a similar result was proved for the extension of the Kontsevich–
Zorich cocycle to 1-currents.
For any Abelian differential h ∈ H(κ) and for any real closed 1-form η ∈
Z1(M,R), let Z−1h,η(M) = Z
−1
η (M) denote the subspace of dη -closed 1-currents, that
is, the space of 1-currents C ∈ Ω1H−1h (M) such that dηC = 0. Let E
−1
h,η(M,C)
denote the subspace of dη -exact currents, that is, currents C such that there ex-
ists U ∈ L2h(M) with C = dηU . Let Ω
1H−1κ (M) denote the bundle with fiber at
any [h,η ] ∈ H1κ(M,T) the space Ω
1H−1h (M) of 1-currents. Let Z
−1
κ (M,C) and
E
−1
h,η(M) ⊂ Z
−1
κ (M) denote the sub-bundles of twisted closed and twisted exact
currents with fiber at [h,η ] the spaces Z−1h,η(M) and E
−1
h,η(M), respectively.
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The Teichmüller flow extends to a cocycle on the bundle Z−1κ (M) overH
1
κ(M,T).
The cocycle is defined by parallel transport with respect to the projection of the
trivial connection on the product bundle
Hˆκ ×{(η ,C)|C ∈ Z
−1
η (M,C)} .
By definition of the de Rham cohomology, the quotient bundle
Z
−1
κ (M)/E
−1
κ (M) ,
is isomorphic to the twisted cohomology bundle T1κ(M,C), hence the transfer cocy-
cle over the Teichmüller flow on the bundle Z−1κ (M) projects to the twisted cocycle
on the twisted cohomology bundle T1κ(M,C). It follows that the set of Lyapunov
exponents of the transfer cocycle on Z−1κ (M,C) is the union of the set of Lyapunov
exponents of the twisted cocycle on T1κ(M,C) with that of the restriction of the
transfer cocycle to the sub-bundle of twisted exact currents E−1κ (M,C).
Lemma 7.1. The restriction of the transfer cocycle to the subbundle E−1κ (M,C)
of twisted exact currents has a continuous invariant norm Lκ , hence the unique
Lyapunov exponent of the cocycle is equal 0 with infinite multiplicity. In addition,
for all (h,η) ∈H1κ(M,T) and for all C ∈ E
−1
h,η(M,C) we have
Lκ(C)≤ (1+ |η |Ω1L2h(M)
)|C|Ω1H−1h (M)
Proof. By definition, for any h ∈H(κ), for any η ∈H1h (M,T) and for any twisted
exact 1-current C ∈ E−1h,η(M) there exists a unique function UC ∈ L
2
h(M) of zero
average such that C = dηUC. The function Lκ : E
−1
κ (M)→ R
+ defined as
Lκ([h,η ,C]) = ‖UC‖L2h(M)
, for all C ∈ E−1κ (M,C) ,
is a continuous Lyapunov norm on E−1κ (M,C), which is invariant under the twisted
cocycle. In fact, the cocycle is defined by parallel transport with respect to the
projection of the trivial connection on the product bundle
Hˆκ ×{(η ,C)|η ∈H
1
κ(M,T)×Z
−1
η (M,C)}
and the norm Lκ is the projection of a Γg-equivariant norm on the product bundle,
which is invariant under the SL(2,R)-action on Hˆκ .
Finally, for any C = dηUC ∈ E
−1
h,η(M,C) and all α ∈Ω
1H∞(M) we have
|〈C,α〉|= |〈UC,dη α〉|= |〈UC,dα +η ∧α〉|
≤ Lκ(C)(1+ |η |Ω1L2h(M)
)|α |Ω1H1h (M)
,
thereby completing the argument. 
Let ζ−1κ : Ω
1H−1κ (M)→ R be the (continuous) distance functions to the Hilbert
sub-bundle Z−1κ (M,C) of twisted closed currents defined as follows: for each
h ∈ H(κ) and all η ∈ H1h (M,T), the restriction ζ
−1
κ |Ω
1H−1h (M) is equal to the
distance function from the closed subspace Z−1h,η(M)⊂ Ω
1H−1h (M) with respect to
the Hilbert space metric on Ω1H−1h (M). For any compact set K ⊂H(κ) and any
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ζ > 0, we introduce the following closed, gt -invariant subsets AK(ζ ) of the bundle
Ω1H−1κ (M): let AK(ζ )⊂ Ω
1H−1κ (M) be the defined as follows:
(12) AK(ζ )∩Ω
1H−1h (M) = {A ∈ Ω
1H−1h (M) |gt(h) ∈ K⇒ ζ
−1
κ (gt(A))≤ ζ} .
In other terms, the fibered subset AK(ζ ) contains all currents which stay at
bounded distance (≤ ζ ) from the sub-bundle of twisted closed currents for all re-
turns of the Teichmüller orbit to a given compact set K ⊂ H(κ). The relevant
examples of non-closed currents in AK(ζ ) are given by currents of twisted integra-
tion along orbits of the horizontal translation flow in (M,h). In fact, as we have
proved in section 3, for any compact set K ⊂H(κ) there exists ζK > 0 such that
any current represented by a twisted integral along along orbits of the horizontal
translation flow in (M,h) belongs to AK(ζ ) for ζ ≥ ζK .
The core technical result of this paper is the following ‘spectral gap’ lemma for
the restriction of the distributional cocycle {gt |t ∈R} to any invariant setAK(ζ )⊂
Ω1H−1κ (M).
For any h∈H(κ), let t0= 0 and let {tn|n∈N} denote a non-decreasing sequence
of visiting times of the forward orbit {gt(h)|t ≥ 0} to a given compact set K ⊂
H(κ). We will regard any current A ∈ Ω1H−1h (M) as an element of the vector
bundle Ω1H−1κ (M) of currents over the moduli space of Abelian differentials.
In particular we have
‖A‖−1 = ‖A‖H−1h (M)
.
Lemma 7.2. For any compact set K ⊂H(κ), there exists a constant CK > 1 such
that, for any [h,η ] ∈H1κ(M,T), for any A ∈AK(ζ ) and for all n ∈N, the following
estimate holds:
(13)
‖A‖−1 ≤CK (1+ζ )(1+‖gtn(A)‖−1)
× exp
(∫ tn
0
Λκ(gt [h,η ])dt
)(
n−1
∑
j=0
e2(t j+1−t j)
)3
.
Proof. The argument follows closely the proof of Lemma 4.5 in [AtF08].
For all n ∈ N, let [hn,ηn] = gtn [h,η ] with hn = gtn(h) ∈ K. For each j ∈N, since
Z−1h j,η j(M) is closed in Ω
1H−1h j (M), there exists an orthogonal decomposition,
(14) gt j (A) = Z j + R j , with Z j ∈ Z
−1
h j,η j
(M) , R j ⊥ Z
−1
h j,η j
(M) ,
and, since A ∈AK(ζ ) and h j ∈ K, the following bound holds:
(15) ‖R j‖−1 ≤ ζ .
For each j ∈ N, let pi j : Ω
1H−1h j (M)→ Z
−1
h j,η j
(M) denote the orthogonal projection
and let τ j = t j+1− t j. By (14) and by orthogonal projection on the gt -invariant
bundle Z−1κ (M) the following recursive identity holds:
(16) Z j = g−τ j(Z j+1) + pi j ◦g−τ j(R j+1) ∈ Z
−1
h j ,η j
(M) .
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By definition of the Sobolev norms and by the Teichmüller invariance of the L2
norms, it is immediate to prove (see for instance [AtF08], formula (3.24)) that
(17) ‖gt |Ω1H−1h
‖ ≤ e2|t| , for all (h, t) ∈H(κ)×R .
Thus by the bound in formula (15), it follows that
(18) ‖pi j ◦g−τ j(R j+1)‖−1 ≤ ‖g−τ j(R j+1)‖−1 ≤ e
2τ j ζ .
By projection on the twisted cohomology bundle T1κ(M,C) and by compactness,
we derive from the identity (16) and from the bound (18) that there exists C
(1)
K > 1
such that, with respect to the Hodge norm,
(19) ‖[Z j]−g−τ j([Z j+1])‖h j ,η j ≤C
(1)
K ζ e
2τ j .
By Lemma 5.2 and by formula (19) we have
(20) ‖[Z j]‖h j ,η j ≤ ‖[Z j+1]‖h j+1,η j+1 exp
(∫ t j+1
t j
Λκ(gt [h,η ])dt
)
+C
(1)
K ζ e
2τ j .
For each ℓ ∈N, it follows by (reverse) induction on 1≤ j < ℓ that
‖[Z j]‖h j ,η j ≤
(
‖[Zℓ]‖hℓ,ηℓ +C
(1)
K ζ
ℓ−1
∑
i= j
e2τi−
∫ tℓ
ti
Λκ(gt [h,η ])dt
)
exp
(∫ tℓ
t j
Λκ(gt [h,η ])dt
)
,
which, since Λκ ≥ 0 and τi ≥ 0 for all i ∈ N, implies the estimate
(21) ‖[Z j]‖h j ,η j ≤C
(1)
K (1+ζ )(1+‖[Zℓ]‖hℓ,ηℓ)exp
(∫ tℓ
t j
Λκ(gt [h,η ])dt
) ℓ−1
∑
i= j
e2τi .
By the definition of the Hodge norm, for each j∈N, there exists a twisted harmonic
form ω j ∈ Zh j,η j (M) such that
(22) E j = Z j−ω j ∈ E
−1
h j,η j
(M) and ‖ω j‖−1 ≤ ‖[Z j]‖h j ,η j .
For each j ∈ N, let us define
(23) Fj = E j−g−τ j(E j+1) ∈ E
−1
h j,η j
(M) .
By the recursive identity (23) the following bound holds with respect to the Lya-
punov norm Lκ on the bundle of twisted exact currents:
(24) Lh j(E j)≤ Lh j+1(E j+1)+Lh j(Fj) .
In fact, the restriction of the distributional cocycle {gt |t ∈R} to the bundle E
−1
κ (M)
of twisted exact currents is isometric with respect to the norm Lκ . For each ℓ ∈ N,
we derive from (24) by (reverse) induction on 1≤ j < ℓ that
(25) Lh1(E1)≤ Lhℓ(Eℓ)+
ℓ−1
∑
j=1
Lh j(Fj) .
By the splitting (14) it follows that
g−τ j(Z j+1+R j+1) = g−τ jgt j+1(A) = gt j (A) = Z j+R j ,
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hence by the identity (22)
g−τ j(E j+1+ω j+1+R j+1) = E j+ω j+R j .
Thus by the defintion in formula (23) we conclude that
(26) Fj = g−τ j(ω j+1+R j+1)− (ω j+R j) ,
hence by compactness, be Lemma 7.1, and by formulas (15), (21) and (22), there
exists a constant C
(2)
K > 1 such that
Lh j(Fj)≤C
(2)
K
(
|g−τ j(ω j+1+R j+1)|−1+ |ω j+R j|−1
)
≤C
(2)
K
(
e2τ j(‖[Z j+1]‖h j ,η j +ζ )+‖[Z j]‖h j ,η j +ζ
)
,
hence there exists a constant C
(3)
K > 0 such that, for all ℓ > 1, we have
(27)
ℓ−1
∑
j=1
Lh j(Fj)≤C
(3)
K (1+ζ )(1+‖[Zℓ]‖hℓ,ηℓ)
× exp
(∫ tℓ
t1
Λκ(gt [h,η ])dt
)(ℓ−1
∑
j=1
e2τ j
)2
.
By the splitting (14) and by formulas (15), (21), (22), (24) and (27), there exists a
constant C
(4)
K > 0 such that for all ℓ > 1,
(28)
‖gt1(A)‖−1 ≤C
(4)
K (1+ζ )(1+‖gtℓ(A)‖−1)
× exp
(∫ tℓ
t1
Λκ(gt [h,η ])dt
)(ℓ−1
∑
j=1
e2τ j
)2
.
Finally, by the bound (17), since t0 = 0,
(29) ‖A‖−1 ≤ e
2t1 ‖gt1(A)‖−1 .

8. PROOF OF THE MAIN RESULTS
In this section we complete the proof of the main results stated in the Introduc-
tion.
For any h∈H(κ), let t0= 0 and let {tn|n∈N} denote, as above, a non-decreasing
sequence of visiting times of the orbit {gt(h)|t ≥ 0} to a compact set K ⊂H(κ).
Lemma 8.1. There exist constants ακ , α
′
κ and Nκ > 0 such that, for almost all
Abelian differential h∈H(κ) with respect to the Masur–Veech measure there exists
a constant Cκ(h) > 0 such that for all λ ∈ R \{0}, for all n ∈ N and for all f ∈
H1h (M) we have∣∣∣∣
∫ etn
0
e2piıλt f ◦φSt (x)dt
∣∣∣∣ ≤Cκ(h)‖ f‖1 (1+λ 2)
Nκ
2
|λ |
ακ
α′κ
e(1−ακ)tn
(
n−1
∑
j=0
e2(t j+1−t j)
)3
.
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Proof. Let A := Ah,λ (x,e
tn ) denote the current defined, for any 1-form α on M, as
A(α) :=
∫ etn
0
e2piıλt ıSα ◦φ
S
t (x)dt .
Let hn := gtn(h) and let (Sn,Tn) denote its horizontal and vertical vector fields. By
definition, the current gtn(A) is given by the formula
gtn(A)(α) =
∫ 1
0
e2piıe
tn λt ıSnα ◦φ
Sn
t (x)dt .
Since hn ∈ K, by the Sobolev trace theorem there exists a constant CK > 0 such
that, for all n ∈ N, we have
|gtn(A)(α)| ≤
∫ 1
0
|ıSnα ◦φ
Sn
t (x)|dt ≤CK‖α‖H−1hn (M)
,
hence
‖gtn(A)‖−1 ≤CK .
By definition and by Lemma 3.6, there exists a constant ζK > 0 such that, for any
t > 0 with gt(h) ∈ K there exists Z ∈ Z
−1
gt(h,η)
(M) such that
‖gt(A)−Z‖−1 ≤ ζK ,
hence A∈AK(ζK). By Lemma 7.2 with η = λRe(h) there exists a constantC
′
K > 0
such that we have the estimate
‖A‖−1 ≤CK exp
(∫ tn
0
Λκ(gt [h,λRe(h)])dt
)(
n−1
∑
j=0
e2(t j+1−t j)
)3
and, by Lemma 6.6 for almost all h ∈ H(κ), there exist constants ακ , α
′
κ and
N ′κ > 0 such that, for almost all Abelian differential h ∈H(κ) with respect to the
Masur–Veech measure there exists a constant Cκ(h) > 0 such that, for all n ∈ N,
for all λ ∈ R with |λ | ≥ e−α
′
κ tn , we have
exp
(∫ tn
0
Λκ(gt [h,λRe(h)])dt
)
≤Cκ(h)(1+λ
2)
N′κ
2 e(1−ακ)tn .
For |λ | ≤ e−α
′
κ tn we have∣∣∣∣
∫ etn
0
e2piıλt f ◦φSt (x)dt
∣∣∣∣ ≤ etn = eακ tne(1−ακ)tn ≤ |λ |− ακα′κ e(1−ακ )tn‖ f‖1 .
The argument is therefore concluded. 
To conclude the proof of our main results we recall a decomposition lemma from
[AtF08] (Lemma 5.1).
Lemma 8.2. Let h ∈ H(κ) and let {tn}n∈N be any non-decreasing divergent se-
quence of positive real numbers. For any (x,T) ∈ M×R+ with forward regular
horizontal trajectory, the horizontal orbit segment γh,x(T) has a decomposition into
consecutive sub-segments,
(30) γh,x(T) =
n
∑
ℓ=1
mℓ
∑
m=1
γh,xℓ,m(Tℓ) + γh,y(τ) ,
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such that n := max{ℓ ∈N|Tℓ ≤ T} and, for all 1≤ ℓ≤ n,
(31) mℓ ≤ e
tℓ+1−tℓ , Tℓ = e
tℓ and τ ≤ et1 .
We are finally ready to complete the proof of our main theorem, stated as The-
orem 1.6 in the Introduction. We state it again below for the convenience of the
reader.
Theorem 8.3. There exist constants ακ , βκ and Nκ > 0 such that, for almost all
Abelian differential h∈H(κ) with respect to the Masur–Veech measure there exists
a constant Cκ(h) > 0 such that for all λ ∈ R \ {0}, for all (x,T) ∈ M×R
+, and
for all f ∈H1h (M) we have the estimate∣∣∣∣
∫
T
0
e2piıλt f ◦φSt (x)dt
∣∣∣∣ ≤Cκ(h)‖ f‖1 (1+λ 2)
Nκ
2
|λ |βκ
T
1−ακ .
Proof. Let (tn) denote a sequence of return times of the orbit {gt(h)} to a compact
set K ⊂H(κ) such that limn→+∞ tn/n = µ 6= 0. It follows that for any η ∈ (0,µ)
there exists nη ∈ N such that we have
(µ −η)n≤ tn ≤ (µ +η)n , for all n≥ nη .
It follows in particular that there exists a constant C(µ ,η ,h) > 0 such that
n−1
∑
j=0
e2(t j+1−t j) ≤C(µ ,η ,h)e4ηn .
From Lemma 8.1 we derive, for all ℓ ∈ {1, . . . ,n}, the bounds∣∣∣∣
∫
Tℓ
0
e2piıλt f ◦φSt (xℓ,m)dt
∣∣∣∣≤Cκ(µ ,η ,h)‖ f‖1 (1+λ 2)
Nκ
2
|λ |
ακ
α′κ
e(1−ακ )tℓ+12ηℓ .
For all ℓ ∈ {1, . . . ,n} and m ∈ {1, . . . ,mℓ}, let τℓ,m denote the time of the point
xℓ,m along the orbit. By the definitions τℓ,m = ∑
ℓ−1
j=1m jT j +(m− 1)Tℓ. Since by
Lemma 8.2 we have a decomposition∫
T
0
e2piıλt f ◦φSt (x)dt =
n
∑
ℓ=1
mℓ
∑
m=1
e2piıλτℓ,m
∫
Tℓ
0
e2piıλt f ◦φSt (xℓ,m)dt
+
∫
T
T−τ
e2piıλt f ◦φSt (x)dt ,
we derive the bound∣∣∣∣
∫
T
0
e2piıλt f ◦φSt (x)dt
∣∣∣∣≤Cκ(µ ,η ,h)‖ f‖1 (1+λ 2)
Nκ
2
|λ |
ακ
α′κ
(
n
∑
ℓ=1
mℓe
(1−ακ )tℓ+12ηℓ+ τ
)
.
Finally we have, since by construction Tn ≤ T,
n
∑
ℓ=1
mℓe
(1−ακ)tℓ+12ηℓ ≤C′η(µ ,η ,h)
n
∑
ℓ=1
e(1−ακ)(µ−η)ℓ+16ηℓ
≤C′′η(µ ,η ,h)e
[(1−ακ )(µ−η)+16η ]n ≤C
(3)
η (µ ,η ,h)T
1−ακ+(µ−η)
−116η ,
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which, by taking η > 0 such that (µ −η)−132η < ακ , implies the estimate∣∣∣∣
∫
T
0
e2piıλt f ◦φSt (x)dt
∣∣∣∣ ≤Cκ(h)‖ f‖1 (1+λ 2)
Nκ
2
|λ |
ακ
α′κ
T
1− ακ
2 .
The argument is therefore complete. 
The remaining main results stated in the Introduction as easily derived from the
above Theorem 8.3 (Theorem 1.6 in the Introduction) and from the general results
of section 9 below.
Proof of Theorem 1.5. We have a Fourier decomposition
F(x,θ) = ∑
n∈Z
fn(x)e
2piınθ , for (x,θ) ∈M×T .
By the Fourier decomposition we have∫
T
0
F ◦ΦS,λ (x,θ)dt = ∑
n∈Z
e2piıλnθ
∫
T
0
e2piıλnt fn ◦ phi
S
t (x)dt .
By Theorem 8.3 (Theorem 1.6) we have, for n 6= 0,∣∣∣∣
∫
T
0
e2piıλnt fn ◦φ
S
t (x)dt
∣∣∣∣ ≤Cλ (h)(1+n2)Nκ−βκ2 ‖ fn‖1T1−ακ .
For n= 0, by Theorem 1.4 (see [AtF08]) or, in fact, for almost all h∈H(κ) already
by the results of [F02], we have∣∣∣∣
∫
T
0
f0 ◦φ
S
t (x)dt−T
∫
M×T
Fdωhdθ
∣∣∣∣≤Cλ (h)‖ f0‖1T1−ακ .
Since by Hölder inequality,
∑
n∈Z
(1+n2)
Nκ−βκ
2 ‖ fn‖1 ≤
(
∑
n∈Z
(1+n2)Nκ−βκ−s
)1/2
‖F‖Hs(T,H1(M)) ,
it follows that for s> Nκ −βκ +1 there exists a constant Cκ ,s > 0 such that∣∣∣∣
∫
T
0
F ◦ΦS,λ (x,θ)dt−T
∫
M×T
Fdωhdθ
∣∣∣∣ ≤Cκ ,sCλ (h)‖F‖Hs(T,H1(M))T1−ακ ,
which completes the proof of the theorem. 
Finally Corollary 1.7 is an immediate consequence of Theorem 8.3 (Theorem 1.6
in the Introduction) and Lemma 9.1 below which derives a lower bound on spectral
dimensions from an upper bound on twisted ergodic integrals.
Corollary 1.8 follows from Theorem 8.3 (Theorem 1.6 in the Introduction), the
quantitative equidistribution result for translation flows stated in Theorem 1.4 (see
also [F02]) and Lemma 9.3 which derives a bound on the speed of weak mixing
from bounds on twisted ergodic integrals.
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Proof of Corollary 1.8. By integration by parts we have∫
T
0
e2piıλt f ◦φSt dt =
∫
T
0
1
2piıλ
(
d
dt
e2piıλt ) f ◦φSt dt
=
1
2piıλ
(
e2piıλT f ◦φS
T
− f −
∫
T
0
e2piıλtS f ◦φSt dt
)
hence for all λ 6= 0, we have
‖
∫
T
0
e2piλt f ◦φSt dt‖L2h(M)
≤
1
piλ
‖ f‖L2h(M)
+
1
2piλ
‖
∫
T
0
e2piıλtS f ◦φSt dt‖L2h(M)
By iterating the integration by parts (for |λ | ≥ 1) we derive the bound
‖
∫
T
0
e2piλt f ◦φSt dt‖L2h(M)
≤
k−1
∑
j=0
1
|piλ | j+1
‖S j f‖L2h(M)
+
1
|2piλ |k
‖
∫
T
0
e2piıλtSk f ◦φSt dt‖L2h(M)
It follows that under the assumption that S j f ∈ L2h(M), for all j ∈ {0, . . . ,Nκ}, and
that f and SNκ f ∈ H1h (M), the hypothesis of Lemma 9.3, for the part concerning
the bound on twisted integrals, are a consequence of Theorem 8.3. The hypothesis
of Lemma 9.3, for the part concerning the bounds on ergodic integrals (λ = 0),
follows from Theorem 1.4 for functions of zero average. The corollary is therefore
proved.

9. SPECTRAL DIMENSION AND EFFECTIVE WEAK MIXING
The content of this section is standard. We reproduce it here for the convenience
of the reader. We recall that for any measure σ on R we can defined the lower and
upper lower local dimension, dσ (λ ) and dσ (λ ), at λ ∈R, as follows:
dσ (λ ) := limr→0+
logσ([λ − r,λ + r])
logr
,
dσ (λ ) := limr→0+
logσ([λ − r,λ + r])
logr
.
Let σ f denote the spectral measure of a function f ∈ L
2(M,µ) for a flow (φX
R
)
which preserves the probability measure µ on M. The measure σ f is a complex
measure on R of finite total mass equal to ‖ f‖2. Let d f (λ ) and d f (λ ) denote the
lower and upper local dimensions of the measure σ f at λ ∈R.
Lemma 9.1. Let us assume that given λ ∈ R and a function f ∈ L2(M,µ) there
exist constants C f (λ )> 0 and 0≤ α− ≤ α+ < 1 such that for all T ≥ T0 > 0,
C f (λ )
−1
T
1−α+ ≤ ‖
∫
T
0
e−2piıλt f ◦φXt dt‖L2(M,µ) ≤C f (λ )T
1−α− .
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The there exists a constant C′f (λ ) such that for all r ∈ (0,r0) we have
C′f (λ )
−1r
2α+
1−α+ ≤ σ f ([λ − r,λ + r])≤ 8C f (λ )r
2α− .
In particular we derive
2α− ≤ d f (λ )≤ d f (λ )≤
2α+
1−α+
.
Proof. By spectral theory we have
(32)
‖
∫
T
0
e−2piıλt f ◦φXt dt‖
2
L2(M,µ) = ‖
∫
T
0
e−2piı(λ−ξ )tdt‖2
L2(M,σ f )
=
∫
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )
|2dσ f (ξ ) = T
2
∫
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ ) .
Let χ : R→ R+ denote the function
χ(x) :=
∣∣∣∣e−2piıx−12piıx
∣∣∣∣
2
.
Let c> 0 be the strictly positive constant defined as
c := min
x∈[−1/2,1/2]
χ(x) ≥
1
2
.
It follows that
cT2σ f ([λ −
1
2T
,λ +
1
2T
])≤ ‖
∫
T
0
e−2piıλt f ◦φXt dt‖
2
L2(M,µ) ,
which is equivalent to the estimate
σ f ([λ − r,λ + r])≤ 4c
−1r2‖
∫ 1
2r
0
e−2piıλt f ◦φXt dt‖
2
L2(M,µ) ,
Under the hypothesis we have
σ f ([λ − r,λ + r])≤ 4c
−1C f (λ )r
2r−2(1−α−) = 4c−1C f (λ )r
2α− .
For the lower bound we write∫
R
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ ) =
∫
|λ−ξ |≤r
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )
+
∫
|λ−ξ |≥r
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ ) .
We have the following bounds: there exists C > 0 such that∫
|λ−ξ |≤r
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )≤Cσ f ([λ − r,λ + r]) ,
∫
|λ−ξ |≥r
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )≤
C‖ f‖2
r2T2
,
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hence we derive the lower bound
σ f ([λ − r,λ + r])≥
C−1
T2
‖
∫
T
0
e−2piıλt f ◦φXt dt‖
2
L2(M,µ)−
‖ f‖2
r2T2
.
Finally, under the assumption that we have a lower bound
‖
∫
T
0
e−2piıλt f ◦φXt dt‖L2(M,µ) ≥C f (λ )
−1
T
1−α+ ,
we derive that there exists C′f (λ )> 0 such that
σ f ([λ − r,λ + r])≥C
′
f (λ )T
−2α+ −
‖ f‖2
r2T2
then, by taking T = ( 2‖ f‖
C
1/2
f r
)
1
1−α+ , there exists a constant C
(α)
f > 0 such that
σ f ([λ − r,λ + r])≥C
(α)
f r
2α+
1−α+ .

Lemma 9.2. Let us assume that given λ ∈ R and a function f ∈ L2(M,µ) there
exist constants C f (λ )> 0 and 0≤ β− ≤ β+ ≤ 1 such that for all 0< r ≤ r0,
C f (λ )
−1r2β+ ≤ σ f ([λ − r,λ + r])≤C f (λ )r
2β− .
The there exists a constant C′f (λ ) such that for all T ≥ T0 ≥ e we have
C′f (λ )
−1
T
2−2β+ ≤ ‖
∫
T
0
e−2piıλt f ◦φXt dt‖L2(M,µ) ≤C
′
f (λ )max{T
2−2β− , logT} .
Proof. For fixed λ ∈R and T > 0 and for all n ∈N we let In(λ )⊂R denote the set
defined as follows:
In := {ξ ∈ R|T|ξ −λ | ≤ 2
n−2}.
By formula (32), we then write (for m> 1 to be chosen later)
‖
∫
T
0
e−2piıλt f ◦φXt dt‖
2
L2(M,µ) ≤ T
2
∫
I0
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )
+T2
m
∑
n=1
∫
In\In−1
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )+T
22−2(m−2)σ f (R\ Im) .
Since there exists a constant C > 0 such that
C−1 ≤ |
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
| ≤C , for all ξ ∈ I0 ,
it follows by the assumptions that there exists a constant C′f (λ )> 0 such that
C′f (λ )
−1
T
−2β+ ≤
∫
I0
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )≤C
′
f (λ )T
−2β− .
Then from the hypothesis and the inequality
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
| ≤
2−(n−3)
pi
, for all ξ 6∈ In−1 ,
38 GIOVANNI FORNI
it follows that there exists a constant C′f (λ )> 0 such that
∫
In\In−1
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )≤C f (λ )
2−2(n−3)
pi2
(
2n−2
T
)2β−
=
C′f (λ )
16β−
T
−2β− 2−(2−2β−)n .
It then follows that whenever β− < 1 there exists a constantC
(β−)
f (λ )> 0 such that,
for all T > T0, we have
+∞
∑
n=1
∫
In\In−1
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )≤C
(β−)
f (λ )T
−2β− ,
hence the argument is completed in this case. For β− = 1 we have
m
∑
n=1
∫
In\In−1
|
e−2piı(λ−ξ )T−1
2piı(λ −ξ )T
|2dσ f (ξ )≤
C′f (λ )
4
T
−2m ,
hence, by taking m= [ logT
log2
] we derive that
m
∑
n=1
∫
In\In−1
|
e−2piı(λ−ξ )T −1
2piı(λ −ξ )T
|2dσ f (ξ )+2
−2(m−2)‖ f‖2 ≤C′′f (λ )T
−2 logT ,
thereby completing the argument in all cases. 
We conclude the section with a general lemma on effective weak mixing.
Lemma 9.3. Let φX
R
be a flow on a probability space (M,µ) and let f ∈ L2(M,µ).
Let us assume that there exists α , β > 0 such that there exists a constant C( f )> 0
such that, for all λ ∈ R and for all T > 1, we have
‖
∫
T
0
e2piıλt f ◦φXt dt‖L2(M,µ) ≤C( f )|λ |
−β
T
1−α ,
‖
∫
T
0
f ◦φXt dt‖L2(M,µ) ≤C( f )T
1−α .
Then there exist constants α ′ := α ′(α ,β ) > 0 and C > 0 such that the following
effective weak mixing bound holds. For all g ∈ L2(M,dµ) and for T > 1 we have
1
T
∫
T
0
|〈 f ◦φXt ,g〉L2(M,µ)|
2dt ≤CC( f )‖ f‖L2(M,µ)‖g‖
2
L2(M,µ)T
−α ′ .
Proof. Let σ f ,g denote the spectral measure of the pair f ,g ∈ L
2(M,µ). By defini-
tion, the measure σ f ,g is the Fourier transform of the absolutely continuous measure
〈 f ◦φXt ,g〉dt. By properties of the Fourier transform, we can write∫
T
0
|〈 f ◦φXt ,g〉|
2dt =
∫
R
χ[0,T]〈 f ◦φ
X
t ,g〉〈 f ◦φ
X
t ,g〉dt
=
∫
R
(∫
T
0
e2piıλt 〈 f ◦φXt ,g〉dt
)
dσ¯ f ,g(λ )
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Let η > 0 such that βη < α . Since by Hölder inequality
|
∫
T
0
e2piıλt 〈 f ◦φXt ,g〉dt| ≤ ‖g‖L2(M,µ)‖
∫
T
0
e2piλt f ◦φXt dt‖L2(M,µ) ,
it follows that, for |λ | ≥ T−η , we have∫
|λ |≥T−η
(∫
T
0
e2piıλt 〈 f ◦φXt ,g〉dt
)
dσ¯ f ,g(λ )
≤C( f )T1−α+βη‖ f‖L2(M,µ)‖g‖
2
L2(M,µ) .
Finally, by Lemma 9.1 we have
σ f ,g(−T
−η ,T−η)≤ 8C( f )‖g‖L2(M,µ)T
−αη ,
hence∫
|λ |≤T−η
(∫
T
0
e2piıλt 〈 f ◦φXt ,g〉dt
)
dσ¯ f ,g(λ )
≤ 8C( f )‖ f‖L2(M,µ)‖g‖
2
L2(M,µ)T
1−αη .
The conclusion of the lemma follows.

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